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Preface

The intrinsic quantum characteristics of laser light make photonics
an attractive subject for studying many peculiar non-classical effects,
such as superposition, entanglement, and teleportation. Recent
theoretical and experimental advancements achieved in the field
of quantum information suggest the possibility of a technological
revolution based on employing such quantum mechanical phenomena
in everyday applications. Quantum sensing, secure communication,
and quantum computation are among the future technologies exten-
sively investigated in various platforms. In secure communication,
reliable manipulation and processing of quantum properties of light
are crucial steps for developing photonic networks where the security
of transmitted information is guaranteed by the laws of quantum
physics. Currently, various systems are being investigated to find a
scalable platform for information processing that is compatible with
the current technology.

These notes introduce the basic quantum processes and devices
used in quantum communication applications. The boundary
between classical and quantum physics, the quantization of electro-
magnetic field and its consequences, quantum electromagnetic and
atomic physics, and their applications in quantum communication
are discussed. The device and experimental aspects of quantum key
distribution, quantum teleportation, quantum memories, entangle-
ment distribution, and quantum repeaters are also discussed.

ix
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Chapter 1

Introduction and Basic Concepts

1.1. Introduction

This course introduces basic concepts and elements of a quantum
communication system. In this chapter, we start by reviewing some
of the core and relevant concepts in quantum mechanics. We then,
in the second chapter, introduce some quantum resources, such as
photons and atoms, describe their interaction, and study their role
in the generation and processing of quantum optical information. In
the last chapter, we will discuss the physical layers of a quantum
communication network.

1.1.1. Why Quantum Networks?

There are three main applications we should start designing and
engineering quantum networks:

(1) secure communication,
(2) distributed quantum computing,
(3) distributed quantum sensing.

To understand the need for a quantum communication network,
we first need to review classical communication, and study its
limitations. The foundations of the Internet were developed in
the 1960s when high-performance personal computers were not
yet available. The innovative and collective thinking of engineers,
physicists, mathematicians, and psychologists led to the design of
hardware and software for connecting large-scale computers and later
personal computers. The creation of the Internet was the start of a
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second digital revolution. The need for more secure communication
protocols, the rise of quantum computing, the potential demand
for connecting future quantum computers, and also the growing
need for more precise sensors demand new communication hardware
and software. The security of information and communication is
becoming increasingly important in today’s digital world. Novel
communication protocols based on the laws of quantum mechanics
can guarantee the security of information. For example, sharing
quantum information encoded on entangled states of light can
provide the means to securely communicate. Such communication
networks could connect future quantum processors and sensors to
perform computational and measurement tasks not possible with
classical hardware.

1.1.2. Light as a Precious Resource for
Communication

There are many reasons light is used as a reliable carrier of
information, including:

e Fiber optics has revolutionized communication using light as a fast,
noninterfering carrier.

e Photons can be digital and analogue at the same time (e.g. they
can carry quantum information).

e Using quantum photons, secure communication is fundamentally
guaranteed.
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When it comes to communication, light is a very precious resource. It
is evident how optical fibers and optical networks have revolutionized
our communication in recent decades. The speed of light, lack of
interaction and cross-coupling between photons, and ability of pho-
tons to carry information using their various degrees of freedom make
light, or photons, an important carrier of information. Broadband
communication can be achieved by sending information encoded into
different degrees of freedom of light such as frequency. For these
same reasons, we must consider photons as potential carriers of
quantum information for future quantum networks. To reach the
quantum regime and implement quantum communication, we shall
define how light can be treated as a quantum mechanical object.
A photon is a packet of optical energy in form of an electromagnetic
field that travels at the speed of light. The energy within photons is
quantized, and photons as quantum mechanical particles can exhibit
both wave and particle natures. As we shall see, these important
properties enable us to redefine communication by encoding infor-
mation into a superposition or entangled states of light. Although
information can be transferred through free space via satellites,
for local and metropolitan networks, fiber-based networks are the
preferred method of communication. In this document, we also
discuss the role of quantum memories (QM) and joint measurements
in quantum networks. An example of quantum communication links
is shown in the above schematic diagram. Noiseless linear amplifiers
(NLA) are also included in the above physical layer that may also be
incorporated into quantum networks to purify entanglement. This is
because quantum information degrades after transmission through
quantum channels (fiber or satellite links) due to the inherent losses
in the channels.
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1.1.3. Basic Concepts in Quantum Communication

When “quantum encoding” is used, the laws of quantum physics
guarantee the security of information. One form of quantum encoding
is to use superposition of bits, instead of individual bits, to carry
information

0& 1 [0) +|1).

Quantum mechanics enables “teleportation” of information to dis-
tant locations. Assuming two distant nodes on the left (L) and right
(R) ends of a network, a quantum state carrying information can
be teleported from L to R node, without being directly transmitted
between the two nodes:

AJ0L) + B|1L) — Al0g) + B|15).

Distribution of entanglement is the basic need of a quantum network
relying on teleportation for communication. Nodes of a network could
form a linear chain along the communication channel or nodes could
have multiple connections like the graph below.

At the fundamental level, quantum communication relies on shared
quantum information for connecting parties. A bit of information can
be represented by numbers 0 or 1, however, in quantum mechanical
language, a bit can be in a superposition of 0 and 1. We refer to
this superposition of a 0 and a 1 as a “quantum bit” or a “qubit”
to differentiate it from a classical bit. The superposition highlights
the fact that there is a wave or a phase associated with qubits
and they can interfere with one another. In other words, a qubit
is both digital and analog. This is what fundamentally differentiates
quantum systems from their classical counterparts.

As we shall see, quantum teleportation of information is possible.
Teleportation requires the creation and distribution of entangled
states, which are formed when two qubits are uniquely bonded
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together in a superposition state. We will see how interference
followed by the detection of two quantum particles (e.g. an entan-
gled photon, L, and a photon carrying information) can result
in the mapping of quantum information to the other entangled
qubit (photon B). This is called teleportation because quantum
information carried by a qubit L is mapped to another qubit far away
without directly sending the qubit L through the quantum channel.
A teleportation is a powerful tool that has applications in distributed
quantum computing. Entangled photons must be distributed to
nodes of a network demanding the teleportation service. How these
entangled photons are generated, distributed, stored, and measured
are questions we try to answer in this document. We will focus on the
optical and atomic-based hardware required to achieve such tasks.

1.2. Introduction to Quantum Mechanics

Firstly, we will introduce the main concepts and principles of
quantum mechanics. We will use these principles and concepts to
discuss the physics of quantum communication hardware. To begin
mathematically describing a quantum mechanical system, we need
to set some rules and principles. We refer to these principles as the
postulates of quantum mechanics. These postulates allow us to define
a mathematical framework for analyzing and describing quantum
system dynamics.

1.2.1. Postulates of Quantum Mechanics

We first introduce some of the main concepts and principles of
quantum mechanics most related to quantum communications. We
only discuss a selected number of concepts and describe them in
limited depth sufficient to understand the protocols and experiments
described later in this chapter.

Postulate 1

A quantum system or particle is described by a wave function,
¥(x,y, z,t), that contains information about the temporal and spatial
properties of the system or the particle. The simplified wave function,
Y (z,t), describes the system in a one-dimensional space and it does
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not consider change of or interaction with other degrees of freedom
of the system.

Y(x,t =1y)

at time t=to

X=Xo

At its core, a quantum mechanical system is described by a “quantum
state” or its “quantum wave function”. A wave function is also called
the probability amplitude of the system. Depending on the number of
degrees of freedom of a particle that is considered, the wave function
can have multiple dimensions including time. As a result, the wave
function contains all the information that a particle or system can
have. In practice, we may decide to consider or track a limited number
of properties (or degrees of freedom) of a system most relevant to
the problem at hand. The wave function of the system can have
positive, negative, or imaginary values at certain locations in space
and time. A wave function can evolve in time and space and can
change due to interactions with other wave functions or processes. In
many cases, we consider a simplified wave function where only one or
a few degrees of freedom are tracked, assuming the other degrees of
freedom are not affected, or they do not affect the outcome. Examples
of such simplified states include the wave function of a particle
oscillating or trapped in one dimension, the wave function of an
electromagnetic field oscillating (polarized) along certain directions
or the wave function of an electron or an atom with certain energies.
A wave function has important properties, as we shall see when we
discuss the remaining postulates, which describe both the particle
and wave nature of a quantum system. These properties give rise to
a complementary principle suggesting that although a wave function
contains all information about the system, not all the properties of
the system can be measured simultaneously.

Postulate 2
The probability density of a quantum mechanical object is given
by the product of a wave function by its complex conjugate:
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V*(z,y, z,t)(x,y,2,t). To find the probability of funding a one-
dimensional particle in region of space between z; and xo, we
calculate

/I2 WV (x, t)(z, t)dx

and total probability must add up to unity:
(o]
/ V¥ (@, t)Y (2, t)de = 1.
— o

As stated, the wave function of a particle is the probability amplitude
of the particle. To find the probability of detecting the particle
in a region of space, we need to integrate the probability density
over that space. The probability density for a one-dimensional (1D)
particle has a unit of [m~!] and is found by multiplying the wave
function by its complex conjugate. A probability amplitude can
be complex and negative, but the probability is measurable and
has to be physical (real). Moreover, the total probability should be
equal to one. This is the normalization condition of quantum wave
functions, which states that the particle should exist somewhere
in space and the total probability of events should add up to 1.
A quantum wave function should always remain normalized, that
is to say, its total probability of having certain properties should
be one. This condition is used to find normalization coefficients of
wave functions at different stages of the evolution or process. The
probabilities associated with a system or particle can change upon
interaction with the environment, however the total probability needs
to be renormalized after each step of interaction and evolution. The
concept of probability amplitude is unique to quantum mechanics
and it enables us to explain fundamental differences between a clas-
sical system and a quantum one. In classical statistics, probabilities
do not have amplitudes and they do not interfere. In quantum
mechanics, probability amplitudes should be computed first and the
probability afterward. As probability amplitudes are waves, they
can destructively or constructively interfere. This may result in zero
probability of finding particles in certain regions.
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Postulate 3
For a particle in an isotropic medium, the wave function and its
derivative should be continuous.

barrier

wal\:lec :‘ﬂ?:;:ion bkt
wave function

VAVAV D (%%

An important property of the wave function is that it is continuous.

This property ensures that there is no singularity in space or
time. We use this property to describe the wave function near its
boundaries. This property also explains why a quantum mechanical
object has a non-zero probability of going through a barrier whose
potential is higher than the particle’s energy. In quantum tunneling
problems, where a quantum particle or a quantum wave encounters a
barrier, the wave function’s continuity indicates that the probability
amplitude of finding the particle inside the barrier has to be non-
zero to satisfy the continuity near the boundaries. This means that
there is a non-zero probability that we can find the particle inside
the barrier and consequently there is a non-zero probability that
the particle will tunnel through the barrier. The lower the barrier’s
potential, the higher the tunneling probability. This postulate also
indicates that the wave function derivative should be continuous.
As we will see in the following sections, the derivative of the wave
function can be related to the momentum or energy of the particle.
Just like probability, these physical quantities cannot have singular
values and must be continuous.

In some of the nano- and micro-photonic devices used to develop
quantum communication systems, photons are confined in small
regions of space using waveguides. Although photons do not leak
outside the waveguide, it can be shown that the tail of the photon’s
wave function (i.e. evanescent field) can interact with atoms outside
the waveguide.

Postulate 4
In quantum physics, “operators” take the place of dynamical vari-
ables in classical physics. The operators act on the wave function.
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Some important examples of operators and the corresponding
dynamical variables are shown in the following figure:

Dynamical variable in Operator in
classical physics quantum physics
P P
f(x) 1(x)
» L
i ox
f(p) £ [l ﬁ]
i Ox
[,
Eiotal - T E

To translate the problem from a classical picture to a quantum
mechanical one, operators are used. We can associate an operator
with each dynamical variable in classical physics. Operators act
on the wave function and can alter it. Unlike classical variables,
quantum mechanical operators are not physical quantities, but they
enable us to calculate the average classical value of a measurement.
Quantum mechanical operators are used to describe the effects of
a physical process on the wave function. If the effect of applying
an operator on a wave function is to modify the wave function
with a scalar, then the wave function is called the eigenfunction
and this scalar is called the eigenvalue. We express the eigenvalue
equation as

OY(z,1) = Aoth(2,t).

The eigenvalue, A,, is a scalar constant.

In mathematical terms, the mathematical rule under which a wave
function changes to another wave function or is simply scaled by a
constant in the operation.

The wave function that an operator acts on is also called the
operand. In the table above, i = h/2r and h = 6.62607004 x
10734 m2 kg/s is the Planck constant. We shall see how these mathe-
matical rules enable us to explain quantum mechanical phenomena,
including the Heisenberg Uncertainty Principle.
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Postulate 5

The expectation value of an operator, <O>, corresponds to the
classical dynamical variable and it is calculated from the wave
function according to

(0) = / 4 (@) O (a)da.

To find the expected classical value corresponding to a quantum
mechanical operator, we use the integral form presented above.
The mean or expectation value of the operator is directly related
to the physical quantity being observed. For instance, to find the
expectation value of the energy of a particle using the quantum
picture, we take the time derivative of the wave function (the
operator equivalent to the classical variable energy as given in table
above), multiply it by the complex conjugate of the wave function
and then integrate the product state. The result of this integral is
the mean energy of the particle that can be measured. To estimate
the physical observable of interest such as position, velocity, energy,
etc. of a particle, we need to calculate the expectation value and then
we can compare it with the measured value (classical observable).

In optics, laser light can be described in the quantum picture by a
wave function called the coherent state. The intensity of the laser is
proportional to the number of photons in the laser beam. As we will
see later, there is a corresponding operator for the observable: photon
number. By computing the expectation value using the coherent
state as a wave function and photon number operator, one can
estimate the mean intensity or mean photon number of the laser
beam. Note that every time the intensity of a laser is measured,
it will show fluctuations around this mean value. The fluctuations
are related to the probabilistic nature of the wave function, which
we will formalize later in the context of the Heisenberg Uncertainty
Principle.

1.2.2. Hamiltonian and Schrodinger Equation

In this section, we introduce some of the basic mathematical for-
malism used to describe quantum mechanical systems most relevant
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to quantum communication. We discuss how to write Hamiltonian
of a quantum mechanical system and the corresponding Schrodinger
equation to describe the evolution of the quantum wave function of
the system.

We first provide a short summary about Schrodinger Equation
and provide more details on the following paragraphs.

To describe the evolution of the wave function, Schrodinger
introduced the following expression:

H(r,t) = ih%d}(r,t).

The Hamiltonian, H , is the quantum mechanical operator cor-
responding to the energy of the system and (7, t) is the generic
three-dimensional wave function.

The Hamiltonian operator is of great importance because many
problems of quantum mechanics are solved by minimizing the total
energy of a particle or a system of particles.

In the early 20th century, Schrédinger introduced a differential
equation to describe the dynamics of a quantum wave function. He
defined the Hamiltonian operator corresponding to the dynamical
variable energy, E. The wave function of a system with non-zero
energy can undergo spatial and temporal variations. The above
equation is the time-dependent Schrédinger equation that can be
used to derive the equations of motion for different degrees of
freedom captured by the wave function. This equation captures
both the particle nature of a system as well as its wave nature.
The equation assumes non-relativistic scenarios where the three
spatial dimensions represented by r are independent of time. For
simple systems involving few particles, the wave function and its
evolution can be accurately described by this equation. For more
complex systems involving several interacting particles, solving the
Schrédinger equation can become extremely challenging. In fact, it
is often not feasible.

We note that in the Schrédinger picture, it is the wave function
that contains the time dependency of the system, so we write the
time-dependent Schrodinger equation to extract the dynamics of the
system. In contrast, the Heisenberg picture incorporates the time
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dependency into the operators. We will use both pictures in different
examples to formulate quantum mechanical behavior.

Schrodinger

In one dimension, we can use position and momentum operator

defined earlier to write the time-independent Hamiltonian of the
system:

T =ux
0
5y = —if
p 1837
P .
H o
2m+V(x)

So, the 1D time-independent Schrédinger equation (eigenvalue equa-
tion) becomes

W d*p(z) | o _
— P V@)(e) = Bu(e).

The Hamiltonian operator of a quantum mechanical system is anal-

ogous to the classical Hamiltonian written in terms of a Lagrangian:
H = ijqj‘ — L
J

where ¢; and p; are the spatial coordinates and the canonical
momentum (conjugate to ¢) of a particle or object, respectively. In
the simplest form, for a 1D object, we can write ¢; = « and p; = p,
such that the classical Hamiltonian can be written as

2
H:p—z—i-V(x)

2m

where m is the mass of the object and V(z) is the 1D-potential
energy. This is nothing but the energy of the system. To obtain the



Introduction and Basic Concepts 13

Hamiltonian operator, one can replace x and p, with the correspond-
ing quantum mechanical operators defined earlier. Therefore, the
eigenvalue equation for the Hamiltonian operator, H Y(x) = Ev(x),
can be written as shown above. Note that in this equation, the time
evolution is not considered. This is valid if the potential energy is not
time-independent. In this case, to describe the time evolution, one
can use the time-dependent Schrodinger equation: ihoy(x,t) /0t =
Ev(z,t). Note that energy E here is the eigenvalue or expectation
value of the Hamiltonian operator.

1.2.3. Constant Potential

w(x) A
\_/ | viw=v
[ Vim=0 ‘

Assume a particle that moves in a potential V' (z) = constant. What

are the possible solutions of the particle’s wave function?

Using the Schrodinger equation above, we can write the following
differential equation:
W d*y(x)
2m  dx?

= (B =V)y(x).

The general solution to the above equation is written as
b(z) = Aeh® 4 Bemike

where

2m
k= ﬁ(E V).
We consider a simple example where a particle or a wave with
constant energy E bounces off a barrier modeled with a constant
potential, V. Here, we only consider a one-dimensional space. We can
write the eigenvalue equation for the particle’s one-dimensional wave
function, as shown above. This second-order differential equation has
a known solution given by complex exponential functions, where the
coefficient k can be real or imaginary. Depending on the energy of
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the particle compared to the potential energy (E — V'), the behavior
of the particle can vary.

When E > V, the solution to the wave function is a sinusoidal
oscillation in space. An oscillating wave that has real and imaginary
components suggests it can propagate through the barrier. On the
other hand, when E' < V| k is imaginary resulting in a wave function
with exponentially changing amplitude. The constants A and B can
be found using the fact that the wave function must be continuous
near the boundaries. We will provide more details about how to apply
the continuity principle in another example later.

Practical examples of constant-potential problems in quantum
mechanics include:

(1) quantum tunneling,
(2) quantum dot,
(3) reflection/transmission of EM field.

There are numerous examples of quantum mechanical systems where
considering constant potential energies in different regions of space is
sufficient to extract the main behavior of the system’s wave function.
For example, when considering a particle tunneling through a barrier
with a constant potential, the solution for ¢(z) described in the
previous section captures the main features of quantum tunneling.
The tunneling probability can then be calculated from the wave
function. Scanning tunneling microscopes (STM), for example, rely
on quantum tunneling of electrons from the surface to the imaging
tip to detect the surface—tip distance. An electron trapped by a
constant electric potential in a transistor (a quantum dot) can also
be treated in this way to compute the probability of tunneling in
and out of the transistor. Another example is an electromagnetic
field of light reflected from a mirror, which can be treated quantum
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mechanically to find the field just outside the reflective mirror
boundaries.

1.2.4. Harmonic Oscillator

m&x
Let us now consider another example of a simple 1D quantum system
that is ubiquitous in its application in solving quantum problems.
A quantum particle bounded to a region of space via a restoring force
is analogous to a classical particle of mass m attached to a spring
with stiffness k. The potential energy is no longer constant and varies
quadratically with position x. Nevertheless, the potential energy can
be plugged into the time-independent Schrédinger equation to arrive
at a new differential equation, as shown above.

For a particle or object oscillating in 1D on a spring, the potential
energy is written as

1 1
V(z) = —kx? = Zmw?z?
2 2
In the quantum regime, the corresponding 1D Schrédinger equation
is
R dp(z) 1

o ds? + §mw2x2¢(a:) = EY(z).

The angular frequency w = y/k/m. This differential equation has a
known set of solutions. The solution is not unique and each solution
corresponds to a specific energy, revealing the quantization of the
particle’s energy.

The solutions to the above differential equation are of the form

() = up(z) exp(—mwx2/2h)
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where the Hermite polynomial functions, u,(x), are defined as

0 (aym)'/?

1 (1/2ay7)'?2(z/a)

2 (1/8aym)'? (2 — 4(z/a)?]

3 (1/48ay/m)Y? [12(z/a) — 8(z/a)?]

n .(1/n!2”a\/77)1/2 H,(z/a)

We see that the solution to the time-independent Schrodinger
equation is given by a Gaussian function multiplied by a Hermit
polynomial function shown above. Here, the length constant a =
/i/mw. For any integer value n, there exists a unique solution
given by the polynomial function of order n. By substituting v, (x)
back into the time-independent Schrodinger equation, we can find
the possible energies of the particle that agree with these solutions.

Below we will see that the energy of a quantum harmonic
oscillator possesses quantized values. The quantum number, n,
characterizes the energy and the corresponding wave function of the
system. For n = 0, the particle has the lowest energy allowed by
quantum mechanics. This is called the zero-point or the ground-state
energy of an oscillator. Later in this chapter, we will provide more
details about this solution and its applications.

EM field

Mirror I/\/\/\/\I

Trapping Potential

Like the constant-potential problem, the Harmonic oscillator
problem appears over and over in quantum mechanics. Two examples
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of that include the following: (1) a single-mode electromagnetic (EM)
field oscillating between two mirrors or inside a cavity and (2) atoms
trapped in a harmonic potential trap formed with laser beams.

In the first example, the Maxwell equations can be used to
rewrite the energies of the electric and magnetic fields that resemble
a harmonic oscillator. This analogy can be used to show the
quantization of EM field energies.

Also, restoring laser forces can be used to create a harmonic
trap for an atom localized and oscillating in space. The dynamics
of the atom in the trap can be described in 1D or 3D using the
harmonic potential model to obtain the ground and excited state
oscillation energies as well as the wave function of the atom. At
low thermal noise and close to the quantum ground state of the
atom’s motion, one can observe the wave effects of the atom’s wave
function in the trap (e.g. interference with other atoms). At very
low energies near the quantum ground state of motion, the wave
function is spatially extended. This picture can be used to understand
the interaction between multiple atoms and the creation of Bose—
Einstein condensation. The field of quantum optomechanics studies
harmonic oscillation of objects (in quantum domain) as small as a
single atom and as large as kilogram-large mirrors interfaced with
light or photons.

1.2.5. Quantization of a Harmonic Oscillator’s Energy

In the case of a quantum harmonic oscillator, we can plot v, (z), the
solution to the 1D time-independent Schrodinger equation.

- —~ ws(x)

A~ wy(x)
)
w(x)

(%)

ho T ()
hw/2

Energy

X
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We saw that the solution to the Schrédinger equation is given by
V() = uy, (z) exp(—mwz? /2R)
where

(1/ay/m)"/?
(1/2ay/7)"/22(2/a)
El/8aﬁ)1/2 2 — 4(x/a)?]

W= O S

1/48a/m)"?[12(x/a) — 8(z/a)’]

n  (1/n'2%a/m)"?H,(z/a)

By plugging the solutions to the Schrédinger equation, we can show
that energies of a harmonic oscillator are quantized:

1

The plot above shows the wave function for the first six energies.
The simplest wave function belongs to the ground-state energy
of the system with minimum energy hw/2 (see next section). The
difference between FE, and FE, 1 is always hw. However, when
the oscillator approaches the classical regime, i.e. n > 1, the
energy difference between the neighboring states becomes negligible
compared to E,. As a result, the quantization of energy can no
longer be observed and classical theory is sufficient to describe the
dynamics. In this regime, an oscillating particle does not show wave-
like properties (e.g. interference) and an oscillating wave does not
show particle properties (e.g. quantized energies). In the quantum
regime, where n ~ 1, the wave nature of the particle can be observed.
This means that the particle’s wave function can be the result of
interference (or superposition) between multiple eigenfunctions of the
Hamiltonian operator. In other words, it is not just ¢, (x), but any
linear combination of 1, (x) which is a solution to the Schrodinger
equation can be the solution to the system. The boundary between
quantum and classical physics is not well defined. Identification of
the boundary depends on many parameters, e.g. the precision of
measurement instruments and the magnitude of loss and noise within
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the system. As our ability to measure and control mesoscopic and
macroscopic systems increases, we can further push the boundary of
the quantum-—classical regime.

1.2.6. FEnergies of a 1D Harmonic Oscillator

In this section we calculate the ground-state energy of a 1D harmonic
oscillator, oscillating along x direction with frequency w and mass m.
The total Hamiltonian is given by the sum of kinetic and potential
energies substituting dynamical variables with operators

w1

- PERN P
H=T+V=-2%= + —mw e

2m  2mdz? 2
For a harmonic oscillator in the ground state energy, the wave

function is given by
1 \/2 e
= (=)
where we have defined a = \/W We can then write the time-
independent Schrédinger equation
Hlpo) = (—%;—; + %mw2§72> [th0) = Eltho)

we then use the following operation

92 52 1 /2 5
R -
0z 0z? | \ay/m

1/2 2 2
= 1 —i + x— 67%5
a/T a®>  at

to rewrite the Schrodinger equation

2

/2 5
+ %mw2i2 < ! € 22
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(1/2+n)ho

- L
N 7

Illustration of the first three wave functions of a 1D Harmonic oscillator.

Canceling terms from both sides and simplifying further we have

h? 1 1
EF=——|—-——)=z-hw
2m ( a2> 2
This is the ground state energy of a 1D harmonic oscillator as

expected. One can repeat the calculation for different |1),,) and find
that

A 1
See the figure above.

1.2.7. FExample: Normalization

Consider a particle in a harmonic potential with V(z) = 1/2kx? is
initially in a superposition of ground state (n = 0) and first excited
state (n = 1) energy.

U(z,t =0) = Clho(x,t = 0) + ¢y (z,t = 0)]

We like to find C, assuming 1o (z) and 1 (x) are normalized.
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The solutions to the harmonic oscillator equation are orthogonal
wave functions given by

wn@»——un@»exp<—“ﬁ;j2>

| v@n@is = b,
where the Dirac delta
Omn =0, m#*n
bmn=1, m=n
The total wave function needs to be normalized:

o * 2 1

/_OO\I’ ()¥(z)der =1=C*(1+1) = C 7
We know that each ), (x) is orthonormal. However, when the solution
is expressed as a superposition of eigenfunctions, it needs to be
renormalized. In this case, we can find the normalization constant,
C, by ensuring that the total probability adds up to 1. Taking into
account that eigenfunctions with different n’s do not overlap (they
are orthogonal), we can calculate the integral to find C, as shown
above. This normalization process needs to be repeated every time
the particle undergoes a process that changes its resulting wave
function.

An oscillating particle initially in its quantum ground state can
be excited to the first energy state by absorbing one quanta of
vibrational energy (a phonon) at its resonance frequency. However,
if the phonon wave function is in a superposition of zero and one
phonon energy, the particle can be transferred to a superposition
state as well.

We shall see later that a low-noise laser beam is made of photons
(quantized particles carrying electromagnetic energy) that are inher-
ently in superposition states of different energies (i.e. superposition of
0,1,2,... photons). The average intensity of a laser beam can be used
to determine the probability of each photon-number state. At very
low intensities, it is possible to virtually create a superposition of 0
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and 1 photon only. As photons can be absorbed and their momentum
can be transferred to oscillating particles, a photonic superposition
can be used to create energy superposition in the particle.

1.2.8. FExample: Time Fvolution

A particle in a harmonic potential V(z) = 1/2kx? is initially in a
superposition of ground state (n = 0) and first excited state (n = 1)
energy:

P(x,t = 0) = Clyo(x,t = 0) + ¢ (2,t = 0)].

Here we like to find the time evolution of the wave function, v (z,t).
To find the time-dependent wave function of the particle in the
same example above, we need to use the time-dependent Schrodinger
equation. This results in a first-order differential equation in time,
which can be solved to find ¥(z,t) from ¥(z,t = 0).
We write the time-dependent 1D Schrédinger equation as

- 0
Hipp(2,1) = ih=—pp (2,
Yl 1) = i, 1)
Note that the eigenvalue equation is
I:Iwn(x7 t) = Enwn(x7 t)

where

Thus,

Entpn(x,t) = ih%wn(g;,t) s (@, ) = P (z)eEnt/R
1
V2

The final solution reveals an exponential form for the time-dependent

W(x,t) = —=[o(x)e VN 4 gy (a)e BT,

part of the wave function. The term FE,t/h determines the phase
of each eigenfunction. It can be seen that the two eigenfunctions
constructing W(x,t) undergo interference that change in time. As a
result, the total probability amplitude of the particle oscillates in
time and can have negative values.
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Interference of this kind reveals a fundamental difference between
classical and quantum probabilities. In classical statistics, there is
no need for considering probability amplitudes and therefore there is
no interference between possible outcomes. Quantum probabilities,
however, can interfere, leading to the enhancement or suppression
of certain outcomes. This is only surprising when we consider
both particle and wave natures of quantum mechanical systems.
In classical wave theory, interference happens all the time. In a
double-slit experiment with classical light, interference gives rise to
dark fringes, suggesting a close-to-zero probability of light in certain
locations in space. In the quantum picture, a photon or a single
atom as a particle can interfere with itself just like a wave. Consider
this question: how can a particle cross a one-dimensional space from

point A to C without ever being seen at point B (located between
A and C)?

1.2.9. Exzample: Uncertainty in Energy of a
Harmonic Oscillator

A particle in a harmonic potential V(z) = 1/2kx? is initially in a
superposition of ground state (n = 0) and first excited state (n = 1)
energy.

1

V2

We like to calculate variation or standard deviation in its energy
AE = /(E?) — (F)2. Using the derived wave function, now we
would like to calculate the expectation values of E and E?. These
correspond to the average values of the energy and the square of
energy. By calculating /(E?) — (E)?, we can then find the standard

deviation of the fluctuations in energy. In quantum mechanical terms,

P(z,t) = Wo(x)eiiEot/h + 1 (x)e*iElt/ﬁ].

we refer to this as uncertainty in determining the energy of the
system.

By plugging ¥ (z,t) in the expectation value equation, we can
find the expressions for (E?) and (E) in terms of the energies of the
systems, Fy and F;. From the definition of the expectation value of
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an operator, we can write

<E>=/ O (2, ) A0 (2, )

—/ th( ) d:%(Eo—irEl).

00 2
(E?) = /_Oo V¥ (x,t) <m%> U(z,t)de = %(Eg + E3).

Similarly,

Thus,
AE = +/(E?) — (E)? = £+~ (E1 Ep).

This is the uncertainty in measuring the energy of the state.

The uncertainty in measuring the system’s energy is given in
terms of |1/2(Ey — Ey)| = hw/4. We will introduce the notion
of uncertainty again in the context of the Heisenberg Uncertainty
Principle to see what minimum uncertainty a quantity can possess.

1.2.10. Tunneling

In the next example, we consider a potential barrier in a one-
dimensional space and a particle with energy E traveling toward
the barrier. The barrier is located between 0 < xz < a, where a is the
width of the barrier. We are interested in finding out the probability
of the particle tunneling through the barrier in terms of the system
parameters.

Consider a particle with energy E traveling in 1D space facing
rectangular potential barrier as shown in the following figure:

o=

| Il 1
0 a

LV(z)=0, <0
ILV(z)=U, 0<z<a
I V(z) =0, z > a
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The total energy of the particle is given in terms of its kinetic
energy (K.E.) and potential energy (P.E.) across different regions
in space. We have already discussed that in this constant-potential
problem, the generic solution to the time-dependent Schrodinger
equation takes the form of an exponential function. We can find the
constants A and B for each region of space using the continuity and
normalization principles.

But first, let’s write a solution for the wave function for each
region of the space. In the regions I and III there is no potential
energy and the total energy of the particle is simply the kinetic
energy, F.

We can write the 1D Schrodinger equation as

—h2 d2
o+ V)] 0(e) = Buta)
H=KE. +P.E.
For region I (and III), we have V(z) = 0:
d2 2mE general i ;
- - _ _ ipw —ipx
o Yi(z) 72 Yr(x) o Yr(z) = Are'™™ + Bre
— sinusoidal oscillation
12

In these regions, the exponents will be imaginary suggesting sinu-
soidal oscillations of the wave function in space. The spatial frequency
(or wave number) in these regions is then given by u = ++/2mFE/h?.
However, the coefficients A and B of the solutions in these two regions
are not necessarily the same.

Let’s now consider the solution in the region II, where the
potential energy of the barrier is larger than the kinetic energy of
the particle.

For region II, we have V(z) = U:

d2 2m(U — F eneral —\z
wﬂ’u@) = %7“1(1’) m Yu(z) = Ane* + Bye

)\2

exponential decay
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The exponent, in this case, will be real with an exponential constant,
A =++/2m(U — E)/h?. It can be shown that the coefficient Ay must
be zero to avoid a singularity and to satisfy the continuity conditions
at the boundaries. Therefore, the solution represents an exponentially
decaying wave function in the barrier region.

The non-zero probability amplitude suggests that there is a non-
zero probability of finding a particle within the barrier region while
it is tunneling through to the other side. This is counterintuitive and
not consistent with the classical picture. Note that in limited cases,
the two pictures agree and are consistent with each other. In the
classical picture, a ball bouncing off a hard barrier (e.g. a wall) can
never tunnel through the wall, but a quantum particle can do so with
some probability. This means that if we repeat the experiment many
times, occasionally the particle can be found on the other side of
the barrier. But to find out the probability of such tunneling events
and to see how often the particle may tunnel through the barrier,
we need to find the coefficients A and B in terms of the physical
parameters. Now that we have identified the form of the solutions
to the wave function in different regions of space, we can find the
coefficients of the solution using the quantum mechanic postulates:
the wave function and its derivative have to be continuous in space
and the total probability must be equal to unity, in other words, the
wave function has to be normalized.

Summarizing the solutions above for the three regions, we have

’(ﬁ1($) = AIeiﬂfB + Blefi‘um
Yii(x) = Ape*® + Bre
Y (z) = Ame™ + Bye 7.

To find the coefficients, we use the continuity and normalization
conditions at the boundaries:
Y1(r =0) = ¢Yn(r =0) — A1+ By = A + B
d d .
%wl(l’ = 0) = %¢11(x = O) — ’LIU,(AI — BI) = )\(AH — BH)
Yz = a) = Ym(z = a) — Ape® + Be ¢

= Ame® + Byype "™
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d d
%wll(x = 0) = %

= Z'M(Aluewa — BIHG_WG).

1/)111 (.’L‘ = 0) — )\(AHQ)‘Q — BHQ_AG)

The four equations above are the result of applying the continuity
condition to the wave function and its derivative at boundaries
between regions I and II and II and III.

To ensure the wave function is normalized, we need to have the
total probability equal to one as follows:

/ Z W (@)l =1

0 a %)
- / vi@)E)d + /0 iy (@) () dz + / (@) (@)da.

We also established that A has to be zero to avoid a singularity.
Overall, we can use the above-mentioned five equations to find
the five remaining coefficients of the solution.

barrier

wal\:1ec ;ﬂ?;ion iransmitted
wave function

NAVAV D Wiy

After solving for coefficients of the solution given above, we
find the wave function (or probability amplitude) of the particle in
different regions of the space. For example, Aj is the probability
amplitude of finding a particle traveling from left to right while

Br is the probability amplitude of finding a particle traveling in
the opposite direction in the region I. For practical purposes, the
tunneling probability defined as the square of the ratio of Ayr/Aj is
the relevant quantity of interest that can be measured experimentally.

The tunneling probability through the barrier is then given by
A |2 B AN

Ar (112 + A2)2sinh?(\a) + 4\2p2°

The tunneling probability measures the likelihood of a particle

-

being transmitted through the barrier. Therefore, the four equations
derived from the continuity conditions are sufficient to calculate the
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four remaining coefficients relative to A;. The tunneling probability,
T, can be written as shown above. It depends on the kinetic energy
of the particle, potential energy, and width of the barrier.

The tunneling problems appear in many branches of quantum
physics and engineering. In explaining the radioactive decay process,
for example, quantum tunneling enables us to estimate the escaping
probability of a-particle from the nucleus. Superconducting circuits
used in quantum computing rely on the quantum tunneling of
electrons through an insulating barrier to create the nonlinearity
required to realize and manipulate qubits. Field electron emission
(emission of electrons induced by electromagnetic field) is another
example, where quantum tunneling provides important insights.

In the field electron emission process, electrons escape the con-
ducting surface and tunnel through an insulating barrier. As the tun-
neling probability is primarily defined by the insulating gap, the mea-
sured tunneling current can be used to estimate the barrier width.

Scanning tunneling microscope (STM)

The tunneling notion of a field electron emission gave rise to the
invention of one of the most precise microscopes ever built, called the
scanning tunneling microscope (STM). An STM works by measuring
the tunneling current between a sharp metallic tip and the conductive
surface being imaged. In this scenario, the tunneling probability can
be further simplified, as shown in the above equation. It can be seen
that the tunneling probability exponentially changes with the gap
(insulating barrier width) between the conductive surface and the
tip. As a result, any small change in the surface height translates to
a measurable signal change by an ammeter.

Ammeter

. Biasvoltage|

Sharp tip (¢ ~V
tunneling current!
1 A 1 B

Sampel surface
Nobel Prize in Physics in 1986



Introduction and Basic Concepts 29

The solution for tunneling probability found in the previous section
can be simplified in the regime where Aa < 1, as

~ 16)‘2/‘2 —2\a

~ me :

The bias voltage, V', controls the kinetic energy of the electrons.
The potential energy is given by the well-characterized vacuum gap.
A typical value of U — E = 5 eV (electron volts) results in a decay
constant of A ~ 10! or 1/A°. The current decays by one order of
magnitude per 1 A°.

It suggests that for every 0.1 nm of change in the height of the
surface, the current magnitude changes by approximately an order
of magnitude. This is the reason that STMs can map the surface
roughness of a conductive surface with a resolution better than the
size of a single atom. If the height of the surface changes by a
single atom, an STM will be able to accurately detect the change
by measuring change in the surface current.

1.3. Dirac Notation

In this section, we introduce a mathematical notation, known as
Dirac notation, introduced by Paul Dirac in 1926. The notation
enables us to write quantum equations in more compact forms.

Dirac (1926) introduced a very convenient notation to express
wave functions in position space. In Dirac notation, a wave function
in position space is represented by a “ket” or its complex conjugate
by a “bra”, where

ket
Y = [1h)

function.

represents a column vector or a function describing the wave

bra

P = (Y]

describing the wave function.

represents a row vector or a complex conjugate of function

Although this notation does not simplify the mathematics and
quantum calculations, it does condense the formulation and makes
it easier to write the equations. We shall see that “ket” and “bra” are
vector representations of a wave function in a finite-dimensional space.
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1.3.1. Wavefunction Properties in Dirac Notation

To express the integration using Dirac notation, we use “bra—ket”
product:

(616 = / o dr

For two wavefunctions which do not overlap in space (orthogonal),
we can write

(1) = /w*<z>d3r ~0

To express expected value corresponding to an operator, we can write
(WIO]) = / 5 Op dPr

As seen above, instead of writing the full integral overlap of two wave
functions ¢ and ¢, the Dirac notation enables us to write the integral
in compact form using “bar” of ¢ multiplied by “ket” of ¢. If the two
wave functions do not overlap, i.e. they are orthogonal, the result of
“bra—ket” will be zero.

The form of the expectation value corresponding to the operator
O can also be simplified in Dirac notation as seen above. To calculate
the expectation value, we first apply the operator to the wave
function and then multiply the result by the complex conjugate of
the wave function. This notation allows us to keep track of the order
of the operations. A few more properties of Dirac notation are shown
below.

Inner products:

(l¥) Probability
(Ylp) =0—9¢ L ¢ Orthogonal states
(|@) = (Bl)* Complex conjugate

(le1d1 + cag2) = c1(Y|d1) + ca(]g2) Superposition

Note that (1|¢) is the probability of finding a particle whose wave
function is |¢) in a region of space, which is calculated by taking the
integral of the probability density, ©*v, over that region of space.
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If the two wave functions are orthogonal, the overlap integral is
zero. Conversely, if the two wave functions perfectly overlap, the total
probability or integral overlap equals 1.

To calculate the complex conjugate of “bra” or “ket”, we exchange
“bra” and “ket”.

If the wave function ¢ is written in terms of the superposition of
two “sub”-wave functions (basis functions), ¢1 and ¢9, to calculate
(1|¢), we can write it as a linear sum of (¥|¢1) and (¢|¢). This
property can be simply proven using the integral form of (¢|¢).

Now, let us consider again the example of a particle in a harmonic
potential, where the wave function of the particle can be written
in terms of the eigenfunctions of the Hamiltonian operator. The
eigenfunctions form the orthonormal basis of the function space on
which the Hamiltonian operator is defined.

We saw that the solution for a harmonic potential is of the form

an ($) = Uy (x)e_mWZ’Q/Qh

. ﬁ) 1/2
U (5e) 20
LV - ae/ay

wir) n2(a/a) - 8(aja)]

—mwz?/(2h) 1 2gefmw:v2/(2h) dx

1
Vavr e
() u1(2)

o
o0 2
—>/ ze T hg — ),
— o0

s)

(Onzolmr) = [ Z
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We note again that the length constant a = /h/(mw). For a particle
in a single energy state, the quantum number n identifies the Hermit
polynomial function which describes the position dependency of the
wave function.

One can see that the integral overlap between any two eigenfunc-
tions with different quantum numbers is zero. This allows us to write
the product of two eigenfunctions as a Dirac delta function (whose
value is zero everywhere except at zero).

The wave function of the particle is often more complex, consisting
of multiple energy states written in a coherent superposition form.
We can think of |¢,,) as a set of orthogonal vectors with unity length,
constructing a coordinate system, which enables us to describe the
energy of the particle in a multi-dimensional space. This multidimen-
sional space is called the Hilbert space. For example, a particle in a
superposition of the first three energy states, co|pg) + c1|p1) + c2|d2),
can be considered as a particle in a three-dimensional space where
co,1,2 describes the contribution of each orthogonal axis (energy) in
defining the particle’s energy. In this case, ¢y, ¢1, and ¢o form a set
of basis vectors for our three-dimensional Hilbert space.

1.3.2. Vectorial Representation of Wave Functions

To see the connection between the Dirac notation and the math-
ematical formalism in the classical picture, consider the sinusoidal
steady-state analysis performed in electronics. In classical electronics,
the phasor form of a voltage waveform, which is a single-frequency
wave represented by a vector, is used to simplify the math. In this
representation, a vector in the complex plane is used to describe the
amplitude and phase of the waveform.

2.236 sin(wt + 63.43°)
Imag
2 2.236
o 6 = 63.43°

v
\Re
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We use vectors as phasor form of a wave in classical electronics. In
the example above, a sinusoidal oscillation of current or voltage can
be illustrated by a vector whose length is equal to the amplitude of
the oscillation and its angle from the real axis (Re) is the phase of
the signal. We omit the oscillation frequency in this representation
considering a frame rotating at frequency w.

Similarly, in finite dimensional QM space, wave functions can also
be defined as vectors using

Vi
Va
Ul=WUUy...U5) [V)=| .
VN
So, the inner product can be written as a matrix multiplication of a
row vector with a column vector.

Such vector representations can be further simplified by the Dirac
notation where a “bra” is a row vector and a “ket” is a column vector.
This simplification enables us to calculate the result of operations
or integral on the wave functions using the matrix multiplication
formalism.

1.3.3. Basis Functions

We can describe an arbitrary vector in a space using the unit vectors
of that space. In quantum mechanics, this is called a basis of the
space in which an operator is defined. For instance, consider a two-
dimensional vector (¢)| = (a* b*). We can write this vector (or the
wave function) as (1| = a*(1 0) +b*(0 1) or |[¢) =a({)+b(9).

lw) =) culby)

The wave function of a particle can be written in terms of its basis

= (5) () ()

functions:
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In higher dimensions, more unit vectors or basis functions are needed
to fully describe the wave function. For example, a particle in
a harmonic potential can be described in terms of energy basis
functions

Pn(r,t) = |Pn) = [0).

Basis functions are orthonormal, i.e.

The unit vectors or basis functions are orthonormal and any wave
function can be written as a superposition of its basis functions as
shown in the figure above. A particle with harmonic potential, for
example, can be written in terms of its energy basis functions or
eigenstates of the Hamiltonian operator. Note that in some cases,
we use only the quantum number n to represent the Hamiltonian
eigenstates as |n). The basis functions are orthonormal, i.e. the
products of two energy eigenstates is a Dirac delta function, §,,, =
1 (when m =n) or d,,, = 0 (when m # n).

Depending on what property of the wave function we like to
study, we write the wave function in terms of the corresponding
basis functions. For example, if we consider an electromagnetic field,
its wave function can be described in different basis functions, e.g.
polarization, frequency, time, and photon number. If we want to
understand how the polarization changes as it interacts with matter,
we can express the wave function using the polarization basis and
ignore other degrees of freedom. This assumption is valid as long
as the interaction changing the polarization does not affect other
properties of the photon important to us. Otherwise, we need to
write the wave function as a product of multiple basis functions,
each describing the dynamics of a different degree of freedom of the
particle.

Consider a wave function written in terms of its complete basis
functions using Dirac notation:

W) =) ali) @l=)_dlil

7 i
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We can calculate the probability by taking its integral overlap written
using the Dirac notation:

(WY|Y) = (Z C:<¢|> ch|j> = Zcfcj%' = Zcfci =1

7

J 0. i

We write the wave function in terms of its complete basis functions,
represented by |i). The discrete value of i can refer to oscillation in
a specific directions or the quantized energy of a particle. To write
the complex conjugate of the wave function in the Dirac notation,
we change “ket” to “bra” and coefficients ¢; to cj.

The wave function needs to be normalized. By calculating the
“bra—ket” and using the fact that the eigenstates |i) are orthonormal,
ie. (i|j) = 6;;, we find that sum of square of absolute values of
probability amplitudes should be equal to one.

1.3.4. Operators in Dirac Notation

We can also write an operator in a finite-dimensional space using the
matrix formalism. In this case, each matrix element of the operator
can be expressed in terms of its basis functions. Below, we provide
a simple proof that if an operator’s matrix element is defined as
0;; = (i|O|j), then the matrix form of the operator is given by
22,5 Oilt) (4l = 0.

We can verify that operators can be written as matrix elements
such that

Oyli)(jl = O if Oy = (ilOl)).
To show this, we can multiply both sides by (i| from left and |j) from
right:
(i - Os5li) GGl - 13) = (il - O - 1)
O3 (ili) (4l7) = (lO13)
0y = (il0j)

Note that O;; is a number and not an operator, and can be taken

out of the integral. Knowing that |j) and [|i) are orthonormal, we
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arrive at the conclusion that an operator’s matrix elements, O;;, can
be calculated by finding the integral overlap (i|O|).

The identity operator is the simplest operator, it can be written
in terms of the basis functions of the state. For example, I =
Yonn)(n] =37, |én)(@n| is the identity operator, where |n) or |¢y,)
are the basis functions. In this case, I;; = ¢;;. When the identity
operator is applied to the wave function, the resulting wave function
is unchanged.

1.3.5. Ezxzample: Projective Measurement

Let us now consider another example where a quantum particle
with quantized energy oscillates and shows wave characteristics. The
oscillation can be in two directions x and y (a two-dimensional
space) and the wave function can be described as a superposition of
oscillations along the x and y directions. The particle’s wave function
can then be written in terms of its basis functions |¢,) and [¢,).
We consider the particle initially prepared in state

) = sl + o) = ()
where |¢, ,) are orthogonal (non-overlapping) basis functions of a
particle representing oscillations along the x or y directions.

The vector representation of the wave function is also provided above
in the first equation.

A quantum particle corresponding to the electromagnetic field
(i.e. a photon) is a more specific example that can possess such oscil-
lations. A photon with polarization along vertical, V', or horizontal,
H, directions or any combination of these directions is a quantized
particle that shows oscillations along those directions. Assuming
that the energy of the system remains constant, we can write the
wave function of the photon by only considering the polarization or
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direction of the field’s oscillations. Oscillations along any direction
can be represented by coherent suppression of different eigenstates of
the polarization operator (i.e. |¢p,) = |H) and |¢,) = |V)) that form
the complete basis.

Now, consider a detector that is designed to detect the oscillations
or the polarization of a photon. If the detector is aligned along the
vertical axis, it will register a single click when a photon is vertically
polarized. Conversely, a detector aligned along the horizontal direc-
tion registers a click only when the photon is horizontally polarized.

Detector

W) = calda) + cyldy)

For the wave function of the form above, we can show that the
detector will click with probability

(0| W) = Jeal*.

Such measurement causes the wave function to collapse to state |¢,).
To describe the measurement operation, we define the term
“projective measurement”. When the photon or particle is in a
superposition of two oscillation directions, the detector registers x
or y oscillation with some probability. For example, to find the prob-
ability of detecting the particle oscillating along the direction z, we
calculate the square of the projection amplitude shown above. This
suggests that if we repeat the experiment many times, |c,|? fraction
of times, the detector will register a particle with oscillation along
the x direction. The projection operator in this case is then given by
[62) (6, and its expectation value is (](|x){gal)lt) = Jcaf.
Whenever such measurement occurs, we can state that the
particle’s wave function has collapsed to the state |¢,). In this basis,
the wave function no longer has a quantum mechanical description
such as a superposition state, in this basis. We shall see later that
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when the wave function consists of more than one particle, the
projective measurement of one particle may change the state of the
other particles (in the case of entanglement).

1.4. Density Operator

In this section, we introduce the density operator and its matrix form,
the density matrix. To find a proper model for many experiments, the
density operator is frequently used as opposed to the wave function.
This is because, in practice, a single wave function cannot fully
describe the system. When a system can be described by a single
wave function, the state of the system is called a pure state. However,
due to interactions with the environment (thermal bath), the system
is often found in a statistical mixture of different wave functions. In
this case, the system can be described as a mixed state.
So, a wave function is one way to describe a quantum state:

v)

Alternatively, a quantum state can be described by its density matrix.
The density matrix is defined as outer product of the wave
function and its conjugate:

)

For a not pure state (mixed state), we have
p="> pilWi)(Tyl.
i

A density operator is formed by the outer product of the wave func-
tion with its complex conjugate. So, the density operator contains
the same information as the wave function and can also be used to
describe the quantum state.

A density operator captures the dynamics of a mixed state, which
leads to a more accurate model for many physical systems. We
note that a statistical mixture is different from a superposition.
A quantum state that is in a superposition state of two different
wave vectors, i.e. [1)) = ¢1]|¢1) + c2|p2), has a density operator with
terms like |¢1) (2| signifying the interference (or coherence) between
states |¢1) and |¢p2). A mixed state, however, cannot be written with
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a single wave function, and the density operator, therefore, allows
us to capture the nature of the statistical mixture as well as the
superposition and coherence nature of the state. A density operator
written as above for a system in statistical mixture of [11) and |13) is
written as p = >, p;|1;) (1;|. We can see that this density matrix does
not have any term suggesting interference between |¢) and |1)2), so
it describes a mixed state, i.e. it is not a pure quantum state.

When the quantum state is written as a superposition of its basis
functions, the density operator of such a pure state can be found by
taking the outer product of the state with its complex conjugate.

Given a wave function |¥), we can write the density operator in
terms of the density matrix elements

) =D cildi) — where p =Y eicf|¢i) (5

7 1J

where p = |1)(¢] is the density operator and density matrix elements
are

pij = (9ilploj) = cic;

where i = j denotes population/probability of finding particle in
state |¢;) and where i # j denotes coherence or “waveness” of a
particle.

As can be seen above, the density operator is written as a sum
of the outer products of the basis functions. The coefficients c;c}
describe the probability of finding the system in each state |¢;) and
we refer to them as the population. The coefficients cic;f (1 # 7) are
coherence terms that describe the interference and superposition of
different wave vectors.

Using the Dirac notation, the density operator in a finite-
dimensional space can be expressed as a matrix with diagonal terms
being the populations and the off-diagonal terms being the coher-
ences. The density matrix elements can be measured experimentally
(assuming a finite-dimensional space) to evaluate the degree of
“quantumness” of the system. If the density matrix contains only
diagonal elements, the system is in a mixed state. Mathematically,
the trace of p? is equal to 1 for a pure state and less than 1 for a mixed
state. The diagonal elements can simply be measured by finding the
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average number of times the system is found in a particular state of
certain, for example, energy, polarization, or frequency.

1.4.1. Exzample: Density Matriz of a Qubit

Now, consider the example from earlier; an oscillating particle is in a
superposition of two oscillation directions, x and y. Suppose we have
a detector that can detect the particle oscillating along a specific
direction.

As before we consider a particle initially prepared in state:

W) = cal¢a) + cyldy)

where |¢; ) represents the orthogonal (non-overlapping) wave func-
tions of a particle oscillating along the z or y directions.

Suppose we have a detector which can be set to measure particles
oscillating along the x, y or diagonal direction.

Detector

The detector can be set to measure the z, y, or an arbitrary direction
P. This sets the basis of the measurements. In the case of photonic
quantum particles, the oscillation can refer to the polarization
where a polarization-sensitive detection can be achieved by using
polarization optics to transmit a specific polarization followed by
single-photon detectors.

The density operator corresponding to the pure state of the
particle is given below.

Detector

e

P = Pzl 02)(Pz| + Pyyldy) Dyl + Dayldu)(Pyl + Pyz|dy) (Pz
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® ., and p,, can be measured by averaging clicks when detector is
oriented along the x or y direction.

® py, and p;, can be computed by measuring the visibility of
interference between the two oscillating states by setting the
detector at 45 degrees from the z axis.

The coefficients p;; describe the population and coherence terms of
the density matrix. To experimentally measure p,, and py,, the
detector needs to be set such that it can detect a particle with
oscillations along the x or y direction. By repeating the measurement
in these bases, the probability of detection in each basis is then
identified.

For measurement of the coherence terms, p,, and p,;, the detector
is aligned at +45 degrees from the = direction to detect the z and y
oscillations with equal contributions. By repeating this measurement
and applying various delays between the x and y oscillations before
detection, one can obtain an interference fringe. The visibility of the
interference fringe gives information about the coherence terms. In
the case of photonic qubits, for example, the relative delay between
V and H polarization can be achieved using birefringent crystals
(e.g. quarter-wave plates), which apply a different delay between a
V-polarized photon compared to an H-polarized photon.

The density matrix in this example consists of p;; elements.

cos2 6 cos 0 sin 0et¢()
pij = ‘

cos 0 sin fe () sin2 0

It is a 2 x 2 matrix with the diagonal elements taking the form of
sin and cos of the polarization measurement angle with respect to
the vertical and horizontal axes. The off-diagonal elements are the
coherence terms determined by the visibility measurement when the
two polarization states interfere.

In the case of quantum optical states in the polarization basis,
the coherence terms can be understood by considering the phase
noise between polarization axes. If a photon in a superposition of
two polarizations, V and H, propagates through a medium with large
fluctuating refractive index, the coherence terms can vanish. This can



42 Quantum Communication: The Physical Layer of Future Optical Networks

happen, for example, when a fiber channel undergoes temperature
or stress fluctuations. As a result, the phase term, ¢(t), becomes
time-dependent and its value randomly changes over time. Therefore,
repeating the measurements to construct a statistical distribution
of measurement results involves ), ¢® which asymptotes to zero
when fluctuations are large. This causes the off-diagonal elements
or coherence terms that are representative of “quantumnees” in the
system to vanish.

1.5. Commutation Relation

In this section, we introduce commutation relationship between
operators and its connection with Heisenberg Uncertainty Principle.
Two operators A and B commute if

ABl=AB-Bi=0
When two operators do (not) commute, it is (not) possible to know

their respective eigenvalues with complete accuracy. In that case, we
write the following inequality (i.e. Uncertainty Principle):

AAAB >

N =

(14, 5))

The notation [A, B] indicates the commutation between the oper-
ators. This expression quantifies whether exchanging the operators’
order affects the final result when they are both applied to a quantum
state.

To understand the meaning of commutation relations, consider
this classical analogy. Think of a blank piece of paper. One can
perform different “operations” on the paper. For example, painting
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with different orders of colors used could be thought of as applying
different operations. If this is a digital painting, one could also
consider applying additional operations by digitally processing the
image (e.g. smoothing). Depending on the type of “operations” we
perform, the result may or may not depend on the order of the
operations.

If the only two operations performed on the paper are drawing the
top half of the paper and the bottom half of the paper, the order in
which these operations are performed, ideally, does not affect the final
results. However, if the two operations are drawing and smoothing,
the final result depends on the order of the operations.

When the two quantum operators, A and B , do not commute,
ie. [A,E] # 0, there is a minimum uncertainty associated with
performing both operations, AA and AB. The relationship between
the uncertainty and the commutation relation given above is known
as the Uncertainty Principle, suggesting the precise determination of
non-commuting observable is not possible. Here, the notation (---)
indicates the expectation value of the commutation. Note that AA
and AB are not operators but measurable quantities.

Two of the most commonly used operators in quantum mechanics
are position and momentum operators. To find whether two typical
operators & and p, commute or not, one needs to apply the
commutation operator to the wave function of interest.

5, hal = i @g—;ﬁ - f’gj))

8,52] = ih

AABE > | JALB)| - (30P(ap)? > i /4
o Aalp > |17 > Aoy, > 12

In the above example, we see that when we use the differential form of
the momentum operator and take derivatives of ¢ (x) and z¢(zx), we
find that the result of applying the commutation to ¥ (x) is ih)(x).
Therefore, we can write the commutation relation between Z and
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Pz as shown by the second equation above. These operators do not
commute. Therefore, there must be an uncertainty relation associated
with them when both operations are performed. In other words, when
we measure the expectation values associated with both operators
simultaneously, the product of uncertainty in measuring both values
has a lower bound.

The minimum uncertainty is directly related to the commutation
relation between the operators. We can then find that the standard
deviation in measuring the position and momentum of a particle in
a 1D space has a minimum of //2.

This does not mean that one cannot measure the position or
momentum of the particle with 100% certainty. It indicates that
one cannot measure simultaneously both position and momentum
with 100% certainty. The more precisely you measure one, the less
precisely you can measure the other non-commuting quantity.

1.5.1. Quantum Microscope

Let us consider a “quantum microscope” example, where observation
of a quantum particle, such as an electron or an atom, is the goal. If
we use the electromagnetic field or photons to detect the particle, we
see that there is a minimum uncertainty in measuring both position
and momentum of the particle.

Suppose we have a quantum microscope and like to measure
position and speed (momentum) of an electron.

A
°Q9
A+ AA

Compton scattering

A photon used to detect the electron will be scattered, transferring
some of its momentum to the electron:

hANX

Apmin = T
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Minimum resolvable distance is given by the diffraction limit as

A A
Az = 2n sin 6 = 2 8
NA ’

Let us discuss these uncertainties further. When the incident photon
inelastically scatters off the particle, its frequency (or wavelength)
will change. This can be understood classically using the Doppler
effect when the particle has a non-zero velocity. Consequently, the
momentum of the particle also changes. As the momentum of the
particle is p = hk, where k = 2x /A, the minimum change in
the momentum, Appnin, and change in the wavelength, A\, can
be related using the equation above. The minimum resolvable size
of the particle, Az, in the direction perpendicular to the incident
photon propagation is also given by the projection of dzr to a
plane perpendicular to the scattered photon. One can increase the
numerical aperture (NA) of the microscope, NA = 2nsinf, where
n is the refractive index of the medium, to increase the resolution
in determining Ax. The best resolution of the optical microscope is
typically on the order of A\/2.8, which is referred to as the diffraction
limit. Although the treatment above is not completely quantum
mechanical, one can use the analogy to see that the uncertainty in
measuring momentum and uncertainty in measuring the position of
a particle have opposite relationships with wavelength A. The larger
the wavelength of the photon, the smaller the momentum uncertainty
and the larger the position uncertainty.

1.5.2. Calculation of Uncertainty

To explicitly calculate the error in measuring an observable, we need
to calculate the expectation values:

Az = /(22) — ()2 Ap=+/(p?) — (p)2.

Using quantum theory, for example, we have

o) = i) = [ Zw@)* <—h2dd—;> ().
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Using the operator language and the expectation values of the
operators, one can more rigorously calculate the uncertainty rela-
tionship between the two operators. Consider again the position and
momentum operators. The approach is similar to finding standard
deviation in classical statistics. If the wave function of the system or
particle is known, one can calculate the expectation values for & and
#2 operators (similarly for p) to calculate the uncertainty in position
and momentum using the first two equations above. This enables us
to estimate the uncertainty in measuring each observable.

Note that explicitly calculating the expectation values requires
taking multiple integrals, one of which is shown in the last equation
above. To take such an integral, the form of the operator and
wave function should be provided. Note that given certain wave
functions, Az or Ap can be zero when measured independently.
To find the minimum uncertainty when both z and p quantities
are measured simultaneously, one needs to use the Heisenberg
Uncertainty Principle.

1.5.3. Fourier Transform and Uncertainty Relation

Let us now consider another semi-classical example that may allow us
to see the minimum uncertainty through a different lens. The electro-
magnetic field of a single photon is a spatial-temporal oscillation of
the electric and magnetic fields. For now, we will consider an electric
field which has a Gaussian temporal intensity profile and oscillates
with frequency w, while propagating along the z direction.

k=2ﬂ,’_£_£
i c h
FT

An EM field with Gaussian profile in space can be written as

_ (ctfz)2

E(z,t) = Ege 272 cos(wt — k2)
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The quantity k is the wave number. The dashed envelope of the field
on the left-hand side is the wave packet of the field propagating with
a certain group velocity in the vacuum. The oscillations within the
envelope have a frequency w and a phase velocity c. Since the photon
pulse or the wave packet has a temporal duration, it occupies some
region in space, o,. This is to say that the photon as a particle can be
found at location z —ct at time ¢ with uncertainty Az. One can study
the photon in the Fourier plane by taking spatial Fourier transform
(FT) to find equivalent minimum uncertainty in a photon’s wave
number or momentum, as shown above:

1
Ak =
\/50'2
Ap d

N \/50'2.

Multiplying these two uncertainties gives the minimum uncertainty
of position and momentum along the z direction of the photon’s wave
packet:

AkAz =

ApAz = —.

NS N =

Let us consider the same EM field with Gaussian profile in space.
We can translate the uncertainty in position to uuncertainty in time

_(ct—2)?
E(z,t) = Ege 272 cos(wt — k2)
z A z
Ar=Z A== 2

V2’ ¢ e/2
By considering the uncertainty in time instead of position, we can
derive an uncertainty principle for energy and time for a photon
wavepacket. The temporal duration of the E-field is given by At, as
shown above. In the particle picture, the photon centered at time ¢
will arrive within a window of ==A¢. We can also take the temporal
Fourier transform to obtain the spectral decomposition of the photon
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and its width, which is given by Aw,
c
\/50'2 .

Multiplying the minimum uncertainties associated with measuring

Aw = cAk =

the frequency and arrival time of the photon yields another uncer-
tainty relationship:

AwAt >

AEAt >

NSt N

As we shall see later, photons can be considered particles in a
harmonic potential with quantized energy, Aw. So, multiplying the
Aw by h gives the energy uncertainty, AF, which enables us to write
the energy—time uncertainty relation for AEAt.

This relation indicates that accurately measuring both the time
and the frequency (or the energy) of a photon is not possible.
This uncertainty in energy can also be linked to uncertainty in the
frequency of the atom (line width of the atom) emitting the photon.
In other words, although the energies of quantum particles such as
atoms and photons are quantized, their energies cannot be accurately
determined at a specific time ¢.

1.6. Entanglement

Entanglement is a core concept in quantum mechanics. A concept
that sets apart quantum systems from their classical counterparts.
Entanglement is a superposition extended to more than one particle
separated in space. When two or more particles are in an entangled
state, they are collectively described by a single wave function
capturing the phase relationship (coherence) between the non-local
particles. In the case of computational qubits, entanglement between
multiple qubits enables “super-parallel” computation, resulting in
an exponential speed-up in computation, at least in principle. For
communication qubits such as photons, entanglement enables secure
communication using quantum teleportation. Once two entangled
photons are shared between two parties, e.g. Alice and Bob, one of
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the entangled photons at Alice’s location can be interfered with a
quantum state carrying information to be teleported to the other
twin photon at Bob’s location. Joint detection of states by Alice
followed by classical communication of measurement results to Bob
teleports quantum information without directly sending a quantum
state from Alice to Bob. Other applications of entanglement in
quantum communications include distributed quantum computing
where a gate operation is teleported to connect multiple quantum
processors, making a more powerful processor.

In this section, we introduce the concept of entanglement and
discuss how entangled photons can be created probabilistically. We
note that there are ways to create entangled photons with high
certainty (deterministically), which we will discuss later in the
following chapters.

1.6.1. The Schrédinger’s Cat

Entanglement is one of the most counter-intuitive aspects of the
quantum world.

Schrodinger coined the term ‘entanglement’ in his famous cat-
paradox hypothetical experiment.

Mags

Poison Detector

The famous thought experiment proposed by Schrodinger in a
discussion with Einstein in 1935 is known as the Schrodinger’s Cat
experiment. Consider a scenario where a live cat, a glass containing
poison, a particle detector, and a radioactive element are placed
inside a box. The radioactive element will decay spontaneously
causing the emission of a particle (e.g. gamma ray) at a random
time. If the particle is detected by the detector (initially in the dark
mode, |1)), the state of the detector will change from |1) to |2). Once
the detector clicks, it sends a signal to a device breaking the glass,
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poison is released and the cat dies. The total state of the system can

be written as

1
V2

Of course, this is not a physical scenario and entanglement can not be

|T) (|live, 1) + |dead, 2)).

obtained between the macroscopic cat and the atomistic radioactive
element. In practice, as the relative phase between the [1) to |2)
states randomly changes (due to the spontaneous nature of the decay
process), one cannot write the state as a coherent superposition
of |1) to |2) states. Nevertheless, a state of this form if can be
obtained, where at least two elements of a system, in this case, the
radioactive element and the cat, are coherently intertwined is an
“entangled state”. This thought experiment was initially proposed
to highlight the problems with the Copenhagen interpretation of
quantum mechanics.

1.6.2. Quantum Entanglement and Correlation

Multiple particles can be entangled if the wave function
W) = [12)[22) + [1)[2y)

describing the two particles cannot be factorized into a product of
two wave functions.

e Entanglement is the amount of correlation between particles
beyond what is classically possible.

e Note that entanglement is only defined for specific degrees of
freedom (basis) of particles or waves.

To provide a mathematical definition of a state that is entangled,
we refer to the quantum wave function. An entangled state of two
particles is written as a coherent superposition of a particle’s degrees
of freedom. An entangled state can be written as the product of the
states of the two particles. The example of the quantum state |¥)
shown above describes two particles, 1 and 2, which are entangled in
basis « and y. In other words, it is the  and y degrees of freedom of
the two particles that are entangled. In this example, the z and y of
particle 1 is correlated with x and y of particle 2.
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Note that entanglement must involve at least two particles and
the basis of entanglement should be identified.

To understand the concept of entanglement, let’s use a classical
analogy. Consider the Twin Family study done in 1993. If we plot
the height of many twins over a period of time, we see a correlation
between the height of twin one and twin two. The identical twins’
heights are correlated. Instead of two people, let’s now consider
two quantum particles, e.g. two photons or two electrons, and
instead of height let’s consider correlation in the oscillation amplitude
of the particles. We can then plot similar correlation curves for
these “particle twins”. The question is how to differentiate between
classical correlations and quantum correlations in these examples.
In both examples, the data points can be fitted with a linear
line indicating correlations. However, the deviation of these data
points (fluctuation) around the average is key to differentiating
classical and quantum correlations. Quantum-correlated particles
show fluctuations in correlation below what is fundamentally possible
in classical systems. This fundamental limitation in fluctuation is
related to the Heisenberg uncertainty limit. In the case of the twin
study, the fluctuation physically originates from stochastic processes
in gene mutation or chemical processes in biological systems. In
the quantum case, the relative fluctuations can be suppressed by
coherent and nonlinear interaction of particles.

200
1

190
|

—
<] N o 8
L 27 9

o o
(V] 9 o
g < =]
< 2] o,
(o) B o o
B 5
T 3
c 2~ o °lo
§ o 0%
[ g o0?

150
|

T T T I T T
150 160 170 180 180 200

Twin Height 1 (cm)



52  Quantum Communication: The Physical Layer of Future Optical Networks

1.6.3. Measurement of Quantum Entanglement
and Correlation

Let us now consider a quantum mechanical system, where a pair
of quantum particles are generated in an entangled state. If what is
entangled is the particles’ direction of oscillation along the axes x and
y, then the quantum state of the combined system can be written as
shown below:

1
V2

This is one example of an entangled state on this basis. Another
example could be |¥) = 1/v/2(|1,)[2,) + [1,)]2))-

|¥) (112)[22) + [1y)[2y)).

Detector Detector

i - L

To verify that the two particles are entangled, we need to generate

copies of the particles, perform a series of measurements and repeat
the process until we have enough data to verify the entanglement in
statistical analysis. In terms of measurements, we have had similar
examples before, where we introduced detectors that can be set to
measure oscillations along particular directions. If a detector on the
right-hand side measures the state of particle 1 which is aligned along
the = axis, it will only click when particle 1 oscillates along the x
direction. In this case, assuming the state of the system is properly
described by W above, the two detectors will simultaneously click if
both are set to measure particles in the x or y basis. In all real-
world experiments, the state of the particles is never pure, and the
system is always in a mixture of different states due to noise or
loss. As a result, the degree of entanglement can vary depending
on experimental conditions. By repeating the measurements over
many similarly produced particles, the probability of coincident
detection in different bases can be obtained, from which the degree
of entanglement can be deduced.
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1.6.4. Bell Inequality

Bell in 1964 came up with a measure of entanglement shown as S
parameter below which is calculated from the probability distribution

of different events.
b
*
\ H]] v
Voo

a
pr—

v

+1 H /

S = E(a,b) — E(a,V) + E(d’,b) + E(d’, V)
E(a,b) = Py4(a,b) + P__(a,b) — Py_(a,b) — P_1(a,b)

Bell showed that for any classical system, —2 < S < 2. Violating this
inequality proves non-classical correlation.

The quantity .S above is defined based on probabilities of detection
in different bases. Consider the same example as before where
oscillation directions of the two particles are entangled. The two
detectors on the left and right can be set along the horizontal
or vertical directions, or directions diagonal to H and V. The
letters a & b and o & U refer to left-right detectors set to
measure particles in H/V and diagonal basis, respectively. For
example, when the left and right detectors are set to detect particles
oscillating in the horizontal direction, the mean number of coincident
clicks normalized to total clicks provides a measure of conditional
probability Py (a,b). Similarly, when the left and right detectors
are set to detect particles oscillating in the same diagonal directions,
the mean number of normalized coincident clicks provides a measure
of conditional probability P, (a’,b") or P__(a’,b"). We can see that
16 sets of measurements on different basis are needed to quantify
S. Bell’s theorem states that S for any classical correlation has to
be bounded by +2. Violating this inequality indicates the presence
of entanglement (higher-than-classical correlations) between two or
more particles. The experimental setup above can be used to verify
entanglement between photons entangled on a polarization basis.
For two entangled atoms in the energy basis, for example, the
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state of each atom in each of the energy states as well as the
superposition of energy states needs to be measured to quantify the
degree of entanglement. Most entangling sources are not perfect and
the degree of entanglement can vary from system to system due to
environmental noise, loss, cross-talk, and multi-particle events. The
quantification of entanglement using Bell inequality is essential to
verify the degree of entanglement in many systems.

1.6.5. Generation of Quantum Optical Entanglement

We can provide an example to see how entangled particles can
be generated. Specifically, let us describe the generation process of
entangled photon pairs using nonlinear crystals.

Spontaneous
Parametric
Down-conversion

_vidler
pump
\\1 .
signal

nonlinear
crystal

Electric polarization inside a nonlinear crystal is given by:
P=cxVE + egxPE.E+ ¢xPE.EE +---

second-order third-order
nonlinearity nonlinearity

(e.g. parametric (e.g. four-wave
downconversion) mixing)

The electric polarization in materials created as the result of
interaction with an electromagnetic field or light can linearly or
nonlinearly depend on the amplitude of the FE-field. When the
nonlinear coefficients of a material, (2 and y®) are not zero, we
deal with an optical nonlinear material. Such nonlinearity can be
the result of parametric down-conversion (in the case of non-zero
x?) or four-wave mixing processes (in the case of non-zero y®))
in the material. In the down-conversion process, for example, an
incident pump photon undergoes scattering generating two photons
(signal and idler photons) while conserving total energy and momen-
tum. The polarization, P, in the material that gives rise to the
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down-converted photons nonlinearly depends on FE-field amplitudes.
In other words, by replacing £ = Ey + Fj, the equation above will
have terms that are proportional to Eg - E; meaning polarization of
signal (Es) and idler (E;) fields cannot be described separately or
independently. This results in correlations between idler and signal
photons that are both generated from the effective oscillating electric
dipole, P. When the classical nature of these fields is considered, the
process can be described by the Maxwell equations. In the quantum
regime, where the quantized nature of particles (photons) are also
considered, correlations in photon number (particle property), as
well as correlation in field fluctuation (wave property), can be
observed. The size of fluctuation in each signal and idler path is
limited by the Heisenberg Uncertainty Principle. However, when
observing correlations, the relative fluctuation between the two paths
can go below the Heisenberg uncertainty limit. In other words, the
correlation can surpass the maximum possible classical correlations.

Through a down-conversion process, a single photon of angular
frequency wy simultaneously generates a pair of signal and idler
photons of angular frequencies w; and wo.

Spontaneous Momentum Energyl
i ; conservation
Parametric ) conservation
Down-conversion
v idler . Hyo»
i ksigna},-"v *+._ Kider » H signal
ol pump)|
pame . -"—» \ Wigler
- i
signal Kpump
nonlinear
crystal T of Mod Opt V48, 2001
Phase matching condition Boump = Psignat + Didier

For a nonlinear material (e.g. a barium-borate or BBO crystal)
to generate entangled pairs, some conditions need to be satisfied.
First, the material needs to be transparent at the frequencies of
the pump, idler, and signal. Also, the strength of the nonlinearity
needs to be large enough to suppress the classical noise associated
with background photons. Importantly, the phase matching condition
must also be satisfied. The phase of any electromagnetic field is
defined by its frequency and wave vector, i.e. ¢ = wt+k.r, where r is
the propagation length of the field with wave vector, k. For the total
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phase of the input light to be equal to the total phase of the output
light (continuity principle), both energy and momentum conservation
conditions need to be met.

As seen above, the momentum conservation indicates that the
total momentum of the particles (pump, signal, and idler photons)
must be conserved. This condition limits the angles through which
the signal and the idler are emitted. The energy conservation
indicates that the frequency of the pump photon must be equal to
the sum of the output photons’ frequencies. This does not necessarily
mean that the frequencies of the signal and idler photons should
be equal to half of the pump frequency. It is possible to design
experiments to achieve a degenerate (or non-degenerate) down-
conversion process where the idler/signal frequencies are equal (or
not equal). Later in this chapter, we will discuss other aspects of the
entangled pair generation process, such as noise and probability.

1.6.6. Generation of Matter—Matter Entanglement

Photon—photon entanglement is routinely generated using nonlinear
materials and is used to perform quantum sensing/communication/
simulation tasks. Moreover, matter-matter entanglement is of great
importance for quantum communication and computation. Such
entanglement can be achieved by tailoring nonlinear interactions
between atoms, for example, through phonon/photon/electron-
mediated interactions. Two or more qubits with the ground, |g),
and excited, |e), energy states can interact directly (e.g. via dipole—
dipole interaction) or indirectly (e.g. via electromagnetic radiation)
to create entanglement between the qubits. The strength of nonlinear
interactions between quantum particles determines the probability of
creating entanglement.

Particle (e.g. atom Particle (e.g. atom)
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The nonlinearity of the entangling process can also be introduced
through the measurement process itself. For example, two non-
interacting atoms can be entangled by performing measurements on
emitted photons from atoms. If the emission probability is small,
each atom remains dark most of the time but occasionally emits
a photon. For an atom initially (¢ = 0) prepared in the excited
or a meta-stable state, the state of the atom-photon at ¢t > 0
can then be written as A|g)|1) + Ble)|0). If the photon is emitted
(i.e. photon state |1)) atom decays to the |¢g) and if no photon is
emitted, (i.e. photon state |0)), the atom remains in the excited
state, |e). The emission process can be triggered by another laser
via, for example, the Raman process, with a limited transition
probability. It can be shown that by interfering the emission signals
of the two atoms followed by coincident detection, the two atoms
can be probabilistically entangled. We will discuss similar entangling
processes in more detail in the following chapters.
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Chapter 2

Photons and Atoms for Quantum
Optical Information

2.1. Quantum Electromagnetic Fields

In this chapter, we introduce two of the most important resources
used to build quantum networks: photons and atoms. Understanding
classical and quantum descriptions of electromagnetic (EM) fields
is the first step in unraveling their dynamics and interactions with
matter. A photon is a packet of EM field with hr of energy, where
v is the EM field oscillation frequency and h (or 27h) is the Planck
constant. A laser or other sources of EM fields can generate pulses
of light containing many photons. The propagation and interaction
of such classical fields can be described by the well-known Maxwell
equations. Attenuating such fields to the single-photon level produces
quantum particles whose full description requires the quantum theory
of the EM field. Optical photons, generated simply by attenuating
laser pulses or by using nonlinear interactions of intense light
pulses with atoms and crystals, can carry quantum information. In
this section, we provide an overview of quantum EM fields, their
generation, and their properties.

2.1.1. Classical EM Theory — Maxwell’s Equations

Maxwell’s equations summarize the combined electric and magnetic
response of a medium:

V -D = p, Gauss’s law for electrostatics

V - B =0, Equivalent of Gauss’s law for magnetostatics

59
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V x&= —%—?, Faraday—Lenz Law

VxH=j+ 88—1:, Amperes’s law
The equations provide the mathematical model for today’s technolo-
gies based on electric, optical, and radio signals.

The classical theory of electromagnetics describes the propagation
and interaction of classical electromagnetic fields in great detail.
When only the wave nature of the fields is considered, the Maxwell
equations accurately capture the dynamics of electric and magnetic
fields. Take, for example, the Faraday-Lenz Law and Ampere’s
Law provided above. The symbols E and B represent electric and
magnetic field vectors, respectively. Also, permittivity ey, speed of
light ¢, and current density j are defined for fields in a vacuum.
Electromagnetic fields travel at the speed of light and the time
variation in one causes a curly spatial variation in the other one
and vice versa.

2.1.2. Classical EM Theory — Solution to Maxwell’s
Equations

The typical solutions to Maxwell’s equations in 1D are transverse
waves with £ and B fields at right angles:

E.(z,t) = Epe witikz+e ft)-u(z)
By(z,t) = Boe k=t — p(t) . u(2)

where the wave vector
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A typical solution to the Maxwell equations above is for a unidi-
rectional field (plane waves), E, and B,, where k = 27/\ is the
wavenumber and w, A and ¢ are the angular frequency, wavelength,
and phase of the field propagating in the z direction. A more general
solution can be expressed in terms of a temporal mode (describing
time dependency), f(t), and a spatial mode (describing spatial
dependency), u(z), of the fields.

2.1.3. Quantum EM Theory

The classical Hamiltonian or energy of an electromagnetic field
(plane-wave approximation) in space can be expressed in terms of
the volume integral of the fields.

Ey(z,t) = Ege 0 = f(t) - u(2)
By(z,t) = Boe @Rt — p(t) . u(2)

1 1
H=_— [(E*+ B*dV = —[f(t)* + K*h(t)?].
o [+ BV = (07 + by
Now, compare the field Hamiltonian above with the Hamiltonian
of a harmonic oscillator, Hpg 0., where p(t) and z are momentum
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and position and m and w are the mass and the angular frequency
of an oscillating object or particle. It can be seen that the two
Hamiltonians have similar forms. So, the mean energy of the EM
field should resemble that of a harmonic oscillator.

1 [/ P(t)?
Hyo = - (t) + e
2 2m

(Hyno. = E, = <n+ 1) w

2

To arrive at the quantum form of these Hamiltonians, one needs to
replace the dynamical variables in classical theory, e.g. p(t) and =z,
with their corresponding quantum mechanical operators, e.g. p =
—ih% and z. Here, A is the reduced Planck constant. In the case of
a Harmonic oscillator, the eigenvalue equation is then written as

H|yp) = E[)

where [¢) is the eigenstate or wave function of the particle and E is
the expectation value of its energy. We can substitute p = —ih% and
T in the equation for Hy . and obtain the Hamiltonian operator. We
can show that there exist multiple solutions to the eigenvalue equa-
tion above in the forms of Hermit polynomial functions distinguished
by integer numbers n. The mean energy of the particle in a Harmonic
potential is then given by (H) = E = (n + 1)hw, where we refer to
the integer n as the quantized number of excitations (phonons) that
the particle has.

2.1.4. Quantized EM Fields

State of the field with n quanta of energy is represented by |n) which
are the eigenfunctions of the Hamiltonian.

X 1
H= <a*&+§>m

(a'a) = (n) = n.
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Equivalently, for the EM field, we can define

h h
p=g—(ata), p=—i ”2“”(&—&*), i =ala,

- 1
H:<ﬁ+—>hw

2

where 7 is the number operator and @ and &' are ladder operators
which decrease or increase the excitation of the system by one quanta
of energy when applied to the original state or wave function.

By replacing dynamical variables f(¢) and h(t) with operators
we can arrive at quantum representation of F (and similarly for B)

field:

hw
2V eq

E(z,t) =i [a(t)e™ — al (t)e ™ u(x)

When considering an electromagnetic field confined in a region
of space with volume V and permittivity ¢p, the photons behave
like particles in a harmonic trap. This is one way to understand the
resemblance of the two Hamiltonians Hpyo and Hgy. Such wave—
particle duality nature of quantum particles (or waves) is at the
core of quantum theory differentiating quantum descriptions from
classical ones.

The energy of an electromagnetic field H = (n + %)hw results
from the n quanta of field excitations (or photons). The electric field
operator corresponding to a single-photon wave packet within volume
V of space can also be written in terms of ladder operators @ and af,
which respectively correspond to the lowering or raising of the field
energy by one quanta, as

. hw . .
— ~t  —iwt ~ dwt
E, =/ Ve [a'e™™" + ae™"|u(z)

where u(z) is a function describing the spatial envelope of the

field. Note that this is the operator of a single-mode field, i.e.
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a monochromatic field traveling along a single direction, z (plane
wave). For a multi-mode field, one needs to sum over each frequency
(spectral modes), directions (spatial modes) and time window (tem-
poral modes) that a photon lives in.

The electric and magnetic field operators for multi-spatial mode
EM field can be written as

E= \/ QEIZV ; iep/wrpapuy(r)e”“r 4+ h.c.

; Eol ) |
HZV;;EB%y%X%W%%%@EW“+m;
efik r

where uy(r) = S is the sp: =k,
polarization vector, and h.c. indicates the Hermitian conjugate terms

is the spatial mode, wy = c|k|, € is a unit
corresponding to the first term.

2.1.5. Field Quantization

To show field quantization we previously used the analogy with
the harmonic oscillator to derive the quantization of energy and
ladder operators. Here we derive field quantization from the Maxwell
equations.

Consider the magnetic field, B written in terms of the vector
potential, A, where

B =VA.

Here the electric field E can be written in terms of a scalar potential
¢ and vector potential A
10A

E=-v¢- -2
Vv c Ot

where ¢ is the speed of light in the vacuum. Using the Maxwell
equation and for zero current density and charge we can write the
following wave equation
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The solution to this wave equation for a field confined to volume
V' is given by
1 —iwt ik.r
A(r,t) = —=Ape e

N

where w is the frequency of oscillation and k is the wavevector. We
define the temporal mode as A(t) = Age~™*. To obtain the real part
of the solution, Re[A(r,t)] = A(r,t), we write

1
2/ V

We can then write the electric field as

A(r, 1) = (A(t)e™r — A (t)e™r).

7
20\/7

In the case of multimode field (see the figure below), this equation
changes to

E(rt) = (WA(t)e™T — wA* (t)e Hr).

E(rt) Z (wpAp(t)e™T — w A% (t)e ™).

2(:\/_

The field energy or classical Hamiltonian can be written as

1

H = —k*| A
8w

\4

n2m/L=k
a(k,,®)

a(k,,0,) a(k,,0,)

EM field quantization in mode volume, V.
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We now define the quantum operators to replace the dynamical
variables Aj(t) and Aj(t) as

[ h
Ak(t) — 2c 2wk60ak(t)
. [ h oy
Ap(t) — 2c¢ 2wk€0ak(t).

The factor 2¢ 2Wz60 is considered to simplify the Hamiltonian. Here
h is the Plank constant and ¢p is the vacuum permittivity.

We can now write the electric field in the quantum form

E(r,t) =iy/ 2673‘/ %:(\/w—k@k(t)eik-r — Vara (t)e ™).

This is similar results when compared to the method using the
harmonic oscillator analogy.

2.1.6. Quantized Field Operators

The dynamical variables £ and B in the classical EM theory can be

replaced by the corresponding ladder operators in quantum theory

to write the quantum Hamiltonian and the equations of motion.
Some of the definitions and properties related to the ladder

operators are summarized below.

n=a'a

e Creation operator at afln) = (n+ 1)V2n+1)

e Annihilation operator & a|n) = (n)"/?|n — 1)

>

e Number operator

—

e Photons are quantized packets of electromagnetic waves.

e Photons can be created or annihilated upon interaction with
external stimuli/environment.

e The order of operation matters.

The photon number operator (corresponding to the dynamical
variable photon number) can be expressed in terms of the ladder
operators. We note that the photon number is proportional to the
classical intensity of the EM field or its energy. In the quantum
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formalism, the quantum Hamiltonian of the EM field can be written
in terms of the number operator, a'a.

The ladder operators do not commute: [é,a'] = 1. This suggests
that the order of the operations is important.

2.1.7. Coherent States of Light

When measuring different properties of EM fields (e.g. amplitude
and phase), one can see fluctuations around the mean value, when
minimum, equal to the vacuum fluctuations. The fluctuations can be
seen in the form of amplitude, phase, or intensity fluctuations and are
caused by intrinsically random processes involved in the generation
and interaction of EM fields. The randomness in such processes
is theoretically captured by the Heisenberg uncertainty principle
for non-commuting variables, such as amplitude and phase. States
of EM fields with the smallest possible amount of classical noise
are called minimum uncertainty states or coherent states. Coherent
states lie at the boundary between classical and quantum mechanical
regimes. A laser beam is a good approximation of a coherent state
that can be easily produced for the semi-classical study of quantum
optics.

>

r\‘I‘/Z
- /‘41/2

X> quadrature
=

Y

X1 quadrature

Instead of photon number, we can consider amplitude and phase
fiuctuations of the field. To theoretically model the fluctuations and
their dynamics, we define field “quadratures”. The amplitude and
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phase quadratures of EM fields can be defined in terms of ladder
operators.

We can define X; and Xs quadratures of the field that correspond
to the sine and cosine parts of the time-dependent electric field:

e
Amplitude quadrature: X;(t) = a4 —; C xE- cos(wt + ¢(t))

a—al
2

Phase quadrature: Xs(t) = x E - sin(wt + ¢(t))

1
Uncertainty: AXoAX; > 1
These quadratures satisfy the commutation relation
[ X1, Xo] =i.

Since the two operators X; and X5 do not commute, there exists a
corresponding Heisenberg relation written as AX1A Xy > 1/4, where

AXio = \/(XA1722> — (X12)2. The Heisenberg relation indicates
that certainty in the knowledge of one quadrature corresponds to
uncertainty in the knowledge of the other. Although the uncertainty
principle is valid for both quantum and classical signals, the size of

the fluctuations compared to the magnitude of a typical classical EM
field is negligible. In the quantum case, we typically deal with single-
photon-level fields and as the minimum intensity fluctuation (also
shot noise) scales inversely with the square root of the mean photon
number, the size of the fluctuation is comparable to the mean signal
amplitude in the single-photon-level light and cannot be ignored.

For coherent states, we have AX; = AX, = 1/2, ie. the
amplitude and phase fluctuations have the same standard deviation.

The figure above shows the phase-space representation of a
coherent state (ball-on-stick representation) with a mean photon
number n. The phase ¢ is referenced to some reference field or a
local oscillator field.

2.1.8. Energy—Time Uncertainty

When the energy of an EM field is measured instead of its quadra-
tures (amplitude and phase), an equivalent uncertainty principle can
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be derived from X;-X5 relation as
AEAt > h/2

where At represents the uncertainty in the arrival of the EM field.
By replacing AE = Anhw and At = A¢/w, we can equivalently
write

AnAg¢ > 1/2.

This uncertainty relation suggests that a single photon with known n
does not have a well-defined phase. We note that X; and X5 describe
the continuous or wave-like property of an EM fields. The expectation
value of these operators can be measured by recording the phase and
amplitude of the EM field, which are continuous variables (can take
any real value and are not quantized).

To quantify the energy and time uncertainty relationship, we can
detect the energy (or frequency) and arrival time of the photon. The
energy—time uncertainty principle is also shown above. Although
the energy of a photon is a discrete variable and is quantized, its
value is not well determined, unless the photon is delocalized in
time.

2.1.9. Homodyne Measurement

The phase and amplitude of EM fields can be measured with high
precision using the homodyne detection scheme shown below where a
signal (€) is interfered with a reference EM field or a local oscillator

(ELo).

Local oscillator or reference light &Iz

7 .
Ero = (E()—I—AE)EBWS €, I

E = & +06E+i6E B N 54,5

) 50/50 beam splitter
Weak or quantum signal P TELO
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It can be shown that the subtracted intensity of two photodetectors
is given by:

Iy — I) ~ 2E0&, cos(¢) + iEpdEy, sin(o).

In the above definitions for £ and Fro, Ey and & are the mean
amplitudes of the LO and signal light, AE is the local oscillator
(LO) amplitude fluctuation, 6&, and 6&, are the amplitude and the
phase fluctuations of the signal field, and ¢ is the phase difference
between the two fields.

Assuming the local oscillator is much stronger than the signal,
the subtracted current of the two photodetectors is the homodyne
signal that is proportional to the weak signal fluctuations. This can
be shown by writing & = 1/2(Ero — &) and & = 1/2(ELo + &) to
calculate Iy — I = |&> — & |2

When ¢ = 0 or ¢ = m/2, the current difference is proportional to
amplitude or phase fluctuations, respectively. We see that the current
difference is insensitive to the intensity fluctuations of the LO and it
measures the signal fluctuation, which is amplified by a factor of the
square root of the LO intensity. Homodyne measurement enables the
measurement of signal fluctuations down to single-photon precision.

2.1.10. Coherent State in Number Basis

Photon number statistics of optical states can also be determined by
performing single-photon detection.

Number basis are eigenstates (|n), state with n quanta of energy)
of the Hamiltonian:

- 1
H= (a*a + 5) hw
A coherent state (represented in Dirac notation as |«)) can be

written as a superposition of a number of states (represented in Dirac
notation as |n)) as

. 7‘042/2 Oén
o) = e E — N
| > ~ /—n|| >

where n = |a/? is the mean photon number and |n) is an optical
state with exactly n photons, known as Fock state. For a vacuum
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we have |[n = 0) that is a coherent state with o = 0 Defining
the mean photon number a coherent state as |a|> = 7 The photon
number fluctuation or variance of the photon number can be written
as (An)? = (ﬁ +ﬂ2) —n? = n. Here n is the same as classical n
defined earlier in this chapter.

Single-photon detectors produce clicks when a photon hits the
detector (with certain efficiency). As long as the two photons do
not arrive at the same time or more precisely within the detector
“dead” time, the mean number of photons within a detection time
window can be determined by summing over all the clicks in that
time window. As the photon number of a coherent pulse is not well
determined, every time a laser fires a pulse, it will have a different
number of photons. The distribution of photon numbers in a coherent
state is a random distribution given by the Poisson distribution.

A characteristic of such distribution is that the photon number
fluctuation is equal to the square root of the mean photon number.

2.1.11. Beam Splitter in Quantum Optics

In this section, we mathematically describe the beam splitter oper-
ation in the quantum regime where single photons can interfere as
particles and waves. A beam splitter is a linear optical component,
where its output modes are a linear combination of the input modes.
We consider a two-port optical beam splitter shown in the following
figure with reflection and transmission coefficients r and ¢, respec-
tively. Beam splitters are asymmetric in the sense that the reflection
of the two input modes a and b are not the same due to the refractive
index contrast seen by each mode at different input ports. The phase
of one mode changes by 7/2 and the other one by —m/2 causing a
phase difference of m between the reflection modes at the output.

The classical output fields can be written in terms of r and ¢,
where |r|? + [t|? = 1 assuming a loss-less beam splitter, as

bout = Tin + thip,
Qout = —Tbin + tapy,

where intensity of output modes can be calculated as I, = |Gout|2 or
Ib - ‘bout|2-
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b.

m

mn out

out

Schematic of a beam splitter with two input and two output ports.

In the quantum regime, we replace the field amplitudes with
operators

Bout = Tain + ti)in

Qout = _Tl;in + tain
b:r)ut = T&;rn + tb;rn
&lut = _Tb;rn + t&jn

We can write the beam splitter operation in a matrix form, given the
2D space of a beam splitter

Bout _ (T 3 dm
&out - t —r bm .

Rearranging terms we can find input modes in terms of the output
modes

bin = —TQoyt + tbout
Qjp, = Toyt + tbout

b — —raf —i—tlﬁ

mn out out
St gt it
Ay, = taout + 74bout'
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Let us consider a single photon at the input mode a and vacuum
input mode b. The input state of the two ports can be written as

[$in) = [1a)[0p) = @'|06)|05).

Replacing a' in the above equation with taf + TBT, we can find the
output state of the beam splitter as

[Pout) = (ta" + b1)[0a)[06) = t[14)|05) + 7(0a)|15).
The probability of detecting a photon in output port b, for example,
becomes
Py = (Sout blusboutlbout) = Irl?
which for a 50/50 beam splitter, i.e. r = 1/4/2, the probability is
50%.

2.1.12. Probability Distribution of Photons in
Coherent States

008 la|? = 20

H“h;y,,.... ]

Probability of having n photons in the light beam is given by a
Poisson distribution as
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The expectation values and variance (square root of standard

deviation) of the photon number in a Poisson distribution are equal.

In comparison, the variance of the photon number in a thermal

distribution is super-Poissonian following the Maxwell-Boltzmann

distribution. The formula for the Poisson probability distribution
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is given above, where |a|? is the shape parameter that indicates the
average number of events in a given time interval and n is an integer.

The figure above is a plot of the Poisson probability density
function for two values of |a|? as a function of n for mean photon
numbers of 5 and 20.

Squeezed states of EM fields exhibit fluctuations lower than
vacuum noise. Squeezing is a unique feature of quantum states
and can be in the form of quadrature, intensity, or photon-number
squeezing. The squeezed states of light can be used for sensing beyond
the classical limit, carrying information, or performing quantum
information processing.

Heisenberg’s uncertainty principle does not prohibit states from
having sub-shot noise fluctuations. Nonlinear processes such as
parametric amplification can produce sub-shot noise light fluctuation
at the expense of increasing the fluctuations in the other non-
commuting variables. For example, amplitude quadrature squeezing
is accompanied by phase quadrature anti-squeezing and vice versa.
These states are called squeezed states because the quantum noise
in one quadrature becomes squeezed.

A photon-number squeezed state, An < +/f, has sub-Poisson
photon-number statistics. In other words, its intensity noise is below
the shot noise. Based on the Heisenberg uncertainty principle, the
more certain the photon number or energy of the state, the less
certain the phase of that state is.

2.1.13. Quantum Optical Encoding

Both continuous variable (CV) quantum optical states such as
squeezed states and discrete variable (DV) states such as number
states or Fock states can carry quantum information. In the case
of CV states, correlations in continuous variable parameters such
as amplitude and phase of EM fields are used to encode infor-
mation. The non-classical correlation translates into sub-shot-noise
fluctuations in amplitude and phase quadratures. In the case of DV
states, discrete parameters such as photon number measured on
various basis (e.g. polarization, frequency, time, etc ) are used for
encoding quantum information. The non-classical correlation in this
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case can be evaluated by measuring the cross-correlation function,
that when taking values less than 1 or larger than 2 represent
quantum signatures in the signal.

The simplest forms of quantum optical states are Fock states or
number states that can be written as a superposition of a well-defined
number of particles or energy wave packets. The number basis |N),
N =1,2,...,is a complete orthonormal basis and eigenstates of the
number operator N = afa.

A pure single-photon state can be described by a single number
state |1) with zero photon-fluctuation or variance in the photon
number, i.e. the photon number is well-determined. Based on the
uncertainty principle, the phase of a single photon is completely
undetermined. We note that this refers to the absolute phase of the
photon. The phase of a photon, however, can be defined with respect
to another photon.

As defined previously, the coherent states of light can be written
in terms of the number basis. To mathematically describe a coherent
state of amplitude o« = n, where n is the mean photon number, in
terms of vacuum state or zero-photon state |0)

|O[> = 6_‘05'2/2605&;[) |0>

As can be seen, there is a probability associated with having
a certain photon number in a coherent state that depends on «a.
These probabilities give rise to fluctuations. In the case of coherent
states, the fluctuations in either amplitude/photo-number and phase
resulting from vacuum fluctuations are equal and minimum as
allowed by Heisenberg’s Uncertainty Principle.

The fluctuations of non-commuting variables, e.g. amplitude and
phase quadratures, of the EM fields do not need to be equal as
long as the product satisfies the Heisenberg Principle. It is possible,
via nonlinear optical processes, to reduce quantum noise in one
quadrature of a field (for example the phase quadrature) at the
expense of increasing it in the complementary observable (i.e. the
amplitude quadrature). These states are called quantum-squeezed
states of light. Such states have applications in quantum sensing,
quantum communication, and quantum computation. For example,
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a phase-squeezed light can be used to sense the position of an object
upon reflection from the object. This can be done with precision
beyond the classical limits. By interfering two light beams squeezed in
opposite quadratures (one phase and one amplitude quadratures) CV
entangled states can be created where reduced fluctuations in both
amplitude and phase quadratures can be used to perform precision
measurements.

The entanglement condition in the CV regime can be written
[Duan et al. (2000)] as

Var[Xl + XQ] + Var[Pl — pg] <2

where Var here is the normalized variance and canonical quadrature
operators for two fields 1 and 2, obey the commutation relation
[Xl,z, PL2] = 4. For a vacuum state we write Var[ch] = Var[Pvac] =
1/2. In what follows we normalize the variance to the vacuum
fluctuation, so a variance of 1 means fluctuation is limited by the
fundamental vacuum noise.

The squeezing operator is given by

X r(e=204(4)2 _ 2051 (1)2
S(r,0,t) = exp< ( *) 5 *) )>

where r is the squeezing parameter describing the strength of
noise reduction and 6 is the squeezing quadrature angle describing
amplitude quadrate (when 6 = 0), phase quadrature (when 6 = 7/2)
or any combinations of the two (1 < 6 < m/2). The squeezing factor,
r, is real and positive and can be directly related to the standard
deviation of the squeezed quadrature in the frequency domain as

AXy(w) = e,

When the mean photon number is very small, the squeezed state
is referred to as the squeezed vacuum state that is mathematically
obtained by applying the squeezing operator on the vacuum state.

0,7,6,t) = S(r,0,1)|0).

It is possible to create “bright” squeezed states of light where the
mean photon number « > 0. In this case, we define a displacement
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operator, D = eo‘m*a*d, to mathematically displace the squeezed
vacuum state by amount an « from the origin. The displaced state
is given by
la, 7, 0,t) = D(a)S(,0,1)]0).

Adding noise or loss to quantum optical states (CV or DV) can wash
out the quantum signatures. In the case of DV states, the loss of
an optical channel is less problematic when compared to CV states.
Consider two entangled photons propagating in two lossy channels.
The loss reduces the probability or rate of the photons reaching the
end nodes, however, once they arrive at the nodes they maintain
their quantum correlations. Channel noise (e.g. polarization noise)
however can reduce the fidelity and thus quantum signatures of DV
states. CV states, on the other hand, are more sensitive to loss.
The loss experienced by a squeezed state manifests itself as noise
because less squeezing means more vacuum fluctuations in the mode
of interest (that has more noise than the squeezed quadrature).

Consider two EM fields with photon number correlation or
squeezing. We can write the noise reduction factor for a squeezed
state as:

(5(111 — TL2))2 (5111)2 + (5TL2)2 — 2(5111)(5112)

 mtny 1+
where ¢ represents the standard deviation in photon number and 7
is the mean photon number. For two coherent states, the numerator
is the variance of the light that is equal to the mean photon number
and in this case the noise reduction factor is 1.
In presence of loss (, the detected noise reduction factor becomes:

Wdet:Cﬂ‘f‘l—C-

For example, light beams with an initial 10 dB of squeezing (—10dB
of noise reduction) can provide n = 0.1 but after experiencing only
50% loss, the noise reduction factor quickly decreases to n > 0.5.
When loss is more than 50%, it is difficult to see the effect of
squeezing even when the initial squeezing is large.

Using this argument, one can show that cloning of quantum
optical states like squeezed states is not possible [Wootters and
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Zurek (1982)]. The cloning operation will add a vacuum of noise
to conjugate variables and therefore the fidelity between the initial
and final states will deteriorate. Considering this noise penalty, the
‘no-cloning limit” [Grosshans and Grangier (2001)] can be calculated,
above which the output of a quantum device or channel is the best
possible copy. To clone quantum optical information, an eavesdropper
would need (at the simplest form) to intercept the transmission
channel, split the light carrying information in half, and then amplify
each half by a factor of two. Since splitting the light, e.g. using a
beam splitter, introduces 50% loss to each output and amplification
will amplify both the signal and its noise, one can show that the
eavesdropper can obtain a copy of the state that at best overlaps
with the initial state to about 30% (or 1/3). More accurately, if the
end nodes of a transmission line can measure fidelity of more than
68% (or 2/3), they can confirm the channel’s transmission security.

The fidelity of a quantum channel for Gaussian states (CV states
with Gaussian noise or quadrature distribution) can be calculated
using [Jeong et al. (2007)]

L S
% Vx+Vi  Vp+V)

fzwm%+mw%+m—W%W—m%%—U

where 0x,p is the coherent amplitude in phase space along the
amplitude (X) and phase (P) axes. Vy/p are the amplitude (X) and
phase (P) quadrature variances at the input of the channel and V's
are output variances.

One can see the fidelity measure depends on the size of the state
dx/p and also its type. For DV state the fidelity is independent
of efficiency of the channel. To characterize security of a quantum
channel a state-independent measure known as T-V diagram can
be used. This method was originally introduced for quantum non-
demolition measurements [Poizat et al. (1994)] and later adapted to
quantum communication [Lam (1998); Bowen et al. (2003)]. In this
method, the conditional variance in the two quadratures is plotted
against the signal transfer coefficient. The variance in quadratures
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normalized to that of vacuum is a measure of the noise added by the
channel or quantum memory to that quadrature.

The conditional transfer coefficient (CT') and conditional vari-
ances (C'V) for two orthogonal quadratures are defined, respectively,
as CTx/p = n/(1+ Vy,p — Vxyp) and CVx/p = (1 = Tx/p)Vy p-
Here 7 is the channel transmission. In the limit of zero added noise,
CVx = CVp = 1, for a coherent state. The amplitude and phase
signal transfer coefficients (CTx and CTp) are a measure of channel
or memory efficiency. One cannot measure amplitude and phase
simultaneously with high precision. An eavesdropper copying the
signal by dividing it in half then amplifying the signal by a factor
of two (or reversed process) will introduce 100% more noise to the
quadratures. So at best CTx = CTp = 0.5. Therefore, a quantum
channel reaching C'Vx x CVp <1 and CTx + CTp > 1 reaches the
quantum or “no-cloning limit” [Grosshans and Grangier (2001)] (see
the figure above).

2.1.14. Quasi-Probability Distribution

Similar to the Maxwell-Boltzmann distribution of position and
momentum of an ensemble of classical particles we can also define
probability distribution functions for quantum particles representing
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the density matrix of the system of particles. Due to the non-
commuting nature of quantum observables such as position and
momentum or phase and amplitude quadrature of EM fields, these
quantum probabilities can take negative values and thus we refer to
them as quasi-probability distributions. One such quasi-probability
functions is the Wigner function [Wigner (1932)] that can be
experimentally constructed using measured quadrature values. In the
CV regime, the quadrature value can be obtained from the homodyne
measurements at a given phase difference between the local oscillator
and the signal.

The Wigner distribution W (X, P) for conjugate quadratures X
and P, e.g. position and momentum, is defined as:

I P
WP) = o [0 e - )

T —00

For EM field, for example, we define X = (ae™*® +afe’?)/2 and P =
—i(ae™" — ale?) /2, where ¢ is the quadrature angle. For Gaussian
states where noise has a Gaussian distribution, we can write the
Wigner function in terms of variance of the two quadratures that are
experimentally measurable, i.e.

Vx = (6X)?
Ve = (0P)?,

where § represent the standard deviation, and coherent amplitudes
along X and P: §, and d,, when ¢ = 0 [Jeong et al. (2007)] as

W(ax, ap) = #e[_%(%—‘mt%(%—%)?].

™/ VxVp

For a coherent state, we have Vx = Vp = 1 (normalized to
vacuum noise) and for a pure squeezed state we have Vx # Vp and
Vx.Vp = 1. The following figure shows the Wigner function for a
coherent state and a displaced squeezed state. The “ball-on-stick”
representations are also shown in the X — P planes.
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Wigner representation of (a) a coherent state (b) a squeezed state, (c) a
superposition of two coherent states. The projection of the Wigner function in
the z-p plane shows the size of the uncertainty in the two quadratures.

Quantum fidelity can be expressed in terms of the overlap between
the ideal and measured Wigner distributions

F= 7r/d2oz Wi(a)Wy(a).

Besides the Wigner representation, there are other quasi-
probability functions such as the Glauber-Sudarshan P-function
[Sudarshan (1963)] and @ function [Husimi (1940)].

The quantum state of a system can be accurately described if
we can measure all possible outcomes. In practice, however, all
measurements are incomplete. In this scenario, one can still obtain
a full, but approximate, quantum description of the system using
iterative methods such as the maximum likelihood estimation [Hradil
(1997)]. In the maximum likelihood estimation method, we perform
a set of measurements on various known quantum states (when ¢
is known) and then estimate the unknown measurements from the
collected data.

Reconstruction here means the normalization of incomplete
measurements that are performed on a subspace of the system.
The measurements project the state to certain projectors that are
mutually orthogonal. In other words, measurement projectors repro-
duce the identity operator (]A%) This approach handles noisy data
corresponding to realistic and incomplete measurements but with
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finite resolution. One can determine what are quantum states most
likely represented by the measurement. This type of reconstruction
can be used to estimate the quantum state of a system using, for
example, homodyne measurement of quadrature values.

The detection of quadrature components reproduces the identity
operator as

where z; denotes the position (or amplitude of EM field) in a
particular time bin and

n!
$z|¢ sz Z ¢nm xz 77) 7m7)'|n><n‘a

n=0m=0

1

—i(n—m)¢ 7m2H2 H2
20m + n)n!m!ﬁe ‘ m (@) Hy ().

Here 1 denotes the detection efficiency and H,, is the Chebyshev-
Hermite polynomial of mth order. By analogy to the ordinary
binomial distribution, we may call the random number m the
number of successes in a series of n independent experiments. The
reconstruction of p can be done using the iterative method solving
the nonlinear equation for the density matrix

~

R(p)p = p.

In this derivation, the condition of normalization, Tr[p] = 1, is used
such that

R=S" L 1(w0)
pii = Tr[pT1(x]0)]

where f; is the probability amplitude of measuring quadrature
value z;. This method is routinely used to reconstruct the density
matrix elements from the experimental quadrature data.
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2.2. Optical Resonators

Engineering resonances in different systems to increase interactions
with external stimuli is ubiquitous in various fields of science
and engineering. In electronics, for example, resonant circuits are
used to impedance match a device to radio frequency signals for
efficient communication. In particular, for quantum EM fields whose
interaction with matter is typically weak and is more sensitive to
losses compared to classical signals, engineering optical resonances
can enhance its interaction with matter and thus reduce losses. Such
efficient interaction is important in quantum systems to coherently
control the quantum state of the optical fields or matter qubits.

In this section, we discuss how light can be trapped inside an
optical resonator. We highlight the properties of optical resonators
and their applications in enhancing light-matter interactions.

2.2.1. Fabry—Perot Optical Resonators

In the simplest form, two mirrors with high reflectivity and low
loss can form an optical resonator when placed along the optical
propagation axis, as shown above. Optical resonators or cavities
created by two reflective mirrors are called Fabry—Perot cavities. In
resonant conditions, where the separation between the two mirrors
is an integer number of half wavelength, light can be coupled to the
resonator. If the intra-cavity medium is not a vacuum, the resonant
condition becomes L = m\/2n where n is the refractive index and
m is an integer.

intra-cavity field

Dic——»

A——7?

Mirror Mirror
Rl cav Rz

—_
S
T

Cavity transmission
S
W

S
=

Cavity length , m4/2

Thus the resonance condition, where maximum field is coupled to the
cavity, occurs when the cavity length is equal to an integer number
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of half wavelengths:
Leay = mA/2.

Once the light is coupled to the medium, it will bounce back
and forth between the two mirrors, eventually leaking out of the
cavity. The number of roundtrips the light takes before leaking out
of the cavity depends on the mirrors’ reflectivity, as shown in the
equation above. To characterize the number of roundtrips and mirror
reflectivity (R; and Rz), the quantity “finesse” (F) is defined, which
is 7 times the number of roundtrips.

The number of roundtrips is given in terms of Finesse.

F VR
n=—=—— forRi=R
T 1— Ra 1 2
v
or alternatively .# = ISR
VFWHM

In the equation above vpggr is the frequency difference between
two cavity resonances or free-spectral range, and vew gy is the
frequency bandwidth or full-width-half-maximum of the cavity re-
sonance. Multiple resonances can be seen as the resonator length
changes by A/2n, from the initial resonance condition, where n, is
the intra-cavity refractive index. Equivalently, if the laser wavelength
changes by +A/m, additional resonances can be observed. The sepa-~
ration between the two resonances is referred to as the free-spectral
range (FSR) measured in units of frequency or length. Also, the
cavity finesse is a unitless quantity that is defined as the ratio of
FSR to the full width half maximum of the cavity resonance both
expressed in either frequency or length units.

The reflectivity of the mirrors Ry and Ry determine the efficiency
of coupling light in and out of the cavity. When mirrors have equal
reflectivity and losses are small, close to 100% of the light can
be transmitted through the cavity at cavity resonance (i.e. critical
coupling conditions). If Ry > Rj, most of the intra-cavity light will
leak through the first mirror.
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2.2.2. Examples of Optical Resonators

Besides finesse, other resonator parameters such as quality (Q) factor,
decay rate, and mode volume are also used to characterize cavity
properties. The @ factor is the ratio of light energy at the resonant
frequency to the dissipated energy. This quantity can be expressed as
the ratio of the light frequency to the cavity linewidth in frequency
units. The linewidth of the cavity resonance, when measured in units
of frequency, indicates the rate of leakage of the intra-cavity light.
The mode volume is defined as the volume of the intra-cavity light.

free-space cavity F ~ 106 V ~ 103 ﬂm3

microring resonator

0~ 10°
Vel pm?

atom

cross-section

simulation

Some of these cavity parameters are defined below, including finesse:

™R

7 =1"g
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Quality factor:

Resonator decay rate:
Aw = 27T(Tcav)_1 =K
Mode volume:

Vv

In the case of a free-space cavity like a Fabry—Perot cavity built
using two parallel curved mirrors, the intra-cavity light can be
confined in the transverse direction reducing the mode volume that
the EM field is confined to.

These cavity parameters are important when considering the
interaction of intra-cavity light with intra-cavity matter such as
atoms. Light-matter interaction is key to the generation and con-
trol of quantum optical information with applications in quantum
communication. The strength of such interactions determines the
efficiency and noise of the process. Optical resonators are typically
used to enhance light—matter interactions. Both the @ factor or
finesse as well as the mode volume affect the strength of interactions.
The larger the @ factor (or smaller the volume), the stronger the
interaction.

Different types of optical resonators are being used to explore
different regimes of light-matter interactions. Three examples of
optical resonators are shown above. The intra-cavity matter can be
trapped atoms, for example, located near the maximum intensity
of the intra-cavity light for maximum interaction. A micro-ring
resonator, for example, guides the light around a circular path that
is coupled to and from outside via a bus waveguide evanescently
coupled to the mirroring. A nano-photonic cavity possesses a very
small mode volume where arrays of holes in a nanobeam act like a
mirror (Bragg reflector) confining light in three dimensions.
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2.2.3. Application of EM Resonators in Quantum
Technology

In practice, much stronger interaction can be achieved in microwave
circuits compared to optical ones (Auw > Aop)-

In many quantum applications, the interaction of quantum light
(e.g. single photons) and single atoms (or artificial atoms) is key in
controlling quantum information. This is the case for both quan-
tum computation and low-energy communication. The interaction
strength between a single atom and free-space light is typically
negligible. This can be understood by considering the cross-section of
the light beam and the size of the atom. The minimum cross-section
of a light beam is limited by the diffraction limit to about \/2.8 which
is on the order of hundreds of nanometers for visible light, while the
size of the atom is on the order of a tenth of a nanometer. This
suggests that a photon confined by free-space optics will most of the
time pass by the atom without noticing (interacting with) the atom.
Therefore, electromagnetic resonators can be implemented with high-
quality factor (or finesse) and low mode volume to increase quantum
interactions. For example, an optical resonator with the finesse of
3 x 109 can effectively support about 10° roundtrips for the photon-
enhancing light—atom interaction by a factor of one million compared
to propagating light without a resonator (assuming the same mode

volume).
Strong interaction enables Strong interaction enables
distribution of entanglement control/readout of quantum state

Artificial
K
»

Interaction strength

atom Phys. Rev. A 69, 062320 (2004), with permission
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How often a photon interacts with a single atom placed in its path
is defined by coupling rate g that is inversely proportional to v/V.
The interaction can result in transferring a two-level atom from a
low-energy state to another single state or superposition state. The
atom remains in the new state for a finite time as it decays with rate
~ back to the initial state. Inside a resonator, light also decays out
of the resonator with the rate x. It can be shown for a single atom
to effectively interact with a single intra-cavity photon, the rate of
coupling to the rate of losses needs to be close or larger than one, i.e.
g%/k7y > 1. As we shall see later, this quantity is called cooperativity.

It can be shown that in certain limits, the cooperativity can
purely be expressed in terms of geometrical factors, the @ factor (or
finesse) and mode volume. The ratio of A>Q/V is therefore important
in determining the strength of the interaction between light and
atoms inside a resonator. In optical cavities, the mode volume is
primarily limited by the diffraction limit, therefore it cannot become
smaller. Typical cooperativities observed in optical cavity systems
are on the order of 10. In contrast, in microwave cavities used for
superconducting quantum circuits, a much higher ratio of A\3Q/V
can be obtained. Although the mode volume of microwave cavities is
larger than that of most optical cavities, the wavelength of a radio-
frequency EM field is much larger than the optical wavelength.

2.3. Photon Correlation

When dealing with quantum optical information, we need to perform
measurements and analysis which characterize the quantum property
of the light generated by a source. It is only then that we can identify
whether an optical state is suitable for carrying quantum information
or not. One way to characterize the quantum properties of light is
to use correlation functions to quantify the degrees of correlations.
The first-order correlation function or ¢(!) is used to characterize
the wave nature of fields by measuring the coherence between two
fields. Michelson interferometer is an example of a measurement
technique used to evaluate the visibility of interference that is related
to l[gM], e.g. V = 2y o/ (I115).]g(V |, where I} and I are intensities
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of EM fields (generated from a laser light split in two before the
interferometer). The first-order correlation describes the frequency or
phase stability of a field. For an ideal single-frequency light, we have
g (1) = e7™7, which has a constant magnitude of 1 at all times.
For a chaotic light, on the other hand, whose frequency changes over
time, gM (¢) has a width (decaying to zero) that signifies the timescale
over which the phase of the light remains well defined.

Instead, the second-order correlation function can be used to
describe the particle nature of the light field. In this section, we
discuss the classical and quantum second-order correlation functions
in the context of quantum optical measurements.

2.3.1. Second-Order Correlation Function

The second-order correlation function ¢ quantifies the degree of
fluctuation in the intensity or photon number.

For classical fields
@y TIBIt+T))
g \T)= ——7 o
)= oe
form=0

Var(I) = (I(t)*) = {I(t))* > 0
- ¢@(0) > 1.
The equation for ¢(?) above is written for the intensity of laser light

as a classical measure of normalized intensity fluctuation. This can
be measured experimentally using a 50/50 beam splitter and a pair

of detectors, as shown in the image below.

D1

1

—

D2
beam splitter
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After a light beam is split in half by the beam splitter, each
part is detected by a separate detector. A variable delay, 7, can be
applied digitally to the detected signal. In this way, the ¢(® will be a
function of the time delay 7, which can be experimentally measured.
For 7 = 0, the numerator in ¢® becomes (I?) — (I)> which is the
variance of intensity fluctuation and is always positive. Therefore, we
conclude that for any classical light, the ¢(®) (1 =0) is always greater
than or equal to 1. The shape of g(z) (t) depends on the type of light
source and its governing processes. When there is no correlation in
intensity fluctuations, the ¢(? value is equal to unity at all times.
This is the case for coherent states of light (e.g. an ideal laser light)
where intensity fluctuations are completely random. In other words,
if we split the laser light in half, measuring the intensity of one half
of the beam, it does not provide better-than-shot-noise information
about the intensity of the other beam.

As an example, the intensity of a classical monochromatic light is
given by I(t) = Ip(1 + Asin(wt)). The cross-correlation function at
7 = 0 can be written as:

(I()?) _ (I3(1+ Asin(wt))?)

g (r=0) = 00 = 2 = ((1 4+ Asin(wt))?)

T
(sin(wt)) = %/0 sin(wt)dt = 0

1 T
g?(0) = T/ (14 Asin(wt))?dt =1+ A%/2 > 1.
0

An optical signal can have classical correlations. In this case, by
dividing the signal in half and measuring one half, we can obtain
information about the intensity of the other half. Consider an
amplitude-modulated signal given by I(t) above. The mean value
of the intensity is Iy, but the signal has an intensity fluctuation with
the peak-to-peak variation of 2A. By splitting the signal in half and
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measuring both on separate detectors, we will see that the measured
intensity shows in-phase oscillations around the mean intensity on the
two detectors suggesting intensity correlations. We note that here we
are considering a classical system where amplitude modulation A is
much larger than the vacuum fluctuation and also we are ignoring
other sources of noise.

Using the equation provided for I(t), we can now explicitly
calculate the second-order correlation function as shown above. Note
that the average of the signal is given by the time integral of the
signal over one period of oscillation, T, divided by T'. For simplicity,
we can calculate ¢(® (7 = 0) which will be > 1.

To go from the classical description of ¢ to its quantum
description, we need to identify the dynamical variables in the
classical picture and replace them with their corresponding quantum
operators. The intensity of an EM field is proportional to the photon
number of the field. Thus, we can rewrite the ¢ equation in terms
of the photon number measured at time ¢ and ¢t + 7. The photon
number has a corresponding operator in the quantum picture which
can be placed into the g(2) equation to derive the quantum equation
for the correlation function.

We can rewrite the correlation function for a classical field,
replacing intensity with field squared and then write field amplitudes
in terms of ladder and number operators:

IOIt+ 7
0 (r) = (L()I( i )
(I(t))
by replacing I(t) o« n(t) < E(t)?>n — n = a'a, we arrive at
@) _ (n(t)n(t+ 7))

97(1) = :
(n(t))>
In the quantum picture, and using Wick’s theorem, we can write the
quantum form of the 2nd order correlatipon function as
(a'(t)at(t + r)at + r)a(t))

@ (r) —
g7(r) (@ Bal)?
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Note that when you derive the quantum equation from its classical
counterpart, there is some freedom in the operator order. We can
have all creation operators to the left (normal order) or the right
(anti-normal order). The choice of operator order yields different
ground state energies. In the above equation, when replacing n with
a'a, the denominator becomes (af(t)a(t)a'(t + 7)a(t + 7)). Using
normal ordering of the operators or Wick ordering (i.e. all creation
operators are to the left of all annihilation operators in the product),
we can rewrite the numerator as (af (t)af (t-+7)a(t+7)a(t)). Also, note
that (---) indicates the expectation value of the operator enclosed
by the bra—ket. If the form of the quantum state in the Fock basis
(eigenstates of the number or energy operator) is known, the second-
order correlation can be calculated. For example, a single-photon
state in the Fock basis can be expressed as |1). So, the numerator of
the g(® (7 = 0) becomes (1]af(¢)at(t)a(t)a(t)|1).

Using the eigenvalue equation for the annihilation operator,
aln) = y/njn — 1), we find that a(t)a(t)|1) = 0, resulting in a zero-
valued correlation function. We see that for such a simple quantum
state, i.e. a single-photon state, the correlation function takes a value
not allowed by classical statistics. In general, the correlation function
can take a range of values shown in the graph above where time 7 is
normalized to 7., the effective coherence time beyond which quantum
correlations can not be observed.

For light with classical correlation (chaotic or thermal light)
g® (1) > 1 for non-correlated light (coherent states) ¢®(r) = 1
and quantum correlated light ¢ (1) < 1. In both classical and
quantum correlations, measuring half of a beam provides information
about the other half. The difference is in the level of uncertainty in
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predicting the value of the unmeasured signal. For classical light, the
best accuracy will be worse than shot noise. For quantum correlation,
our prediction can be made with sub-shot noise precision.

Another way to interpret the meaning of the value of the cross-
correlation function is in terms of bunching and anti-bunching
of photons. For a classical light with some intensity modulation,
photons arrive in bunches. Detection of a photon in a portion of
the beam signals the presence of more photons in other portions or
segments, and vice versa. In the case of a single-photon quantum
state, however, detecting a single photon in a portion of the beam
suggests a close-to-zero possibility of detecting a second photon in
other segments during the same time window, i.e. anti-bunching. For
a coherent state where the photon fluctuations around the mean value
are governed by a random process, photons neither bunch nor anti-
bunch. The photon number, in this case, varies randomly at every
shot.

2.3.2. Hong—Ou—Mandel Interference

We can write the quantum state of the two photons after the beam
splitter using the creation operators applied to a vacuum state.
Before photons arrive at the beam splitter, the state after the beam
splitter is a vacuum state. When photon 1 is traveling along the
horizontal direction (mode a) and photon 2 is traveling along the
vertical direction (mode b) and pass through the beam splitter,
multiple scenarios can occur. Firstly, photon 1 can be transmitted
while photon 2 is reflected. This possibility is described by the term
a1a£|0> where both photons appear in mode a. When both photons
are reflected, photon 1 appears in mode b and photon 2 appears in
mode a. This possibility is represented by the term ag bJ{ |0). Similarly,
we can write the two other possibilities; however, as can be seen,
the other probabilities have a negative sign. The sign is related to
the relative phase of the two photons when they are reflected or
transmitted and can be classically explained by the refractive index
contrast in the beam splitter. The relative phase of the fields changes
by 180 degrees when reflected from a surface with a higher refractive
index. The coating in the glass slide that gives a beam splitter its
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functionality has a refractive index lower than the glass but higher
than air. The asymmetry in the index difference for the two photons
gives rise to the sign change in the equation above. As a result, two
of the possibilities (probability amplitudes), i.e. one photon in each
path, destructively interfere and are canceled out. For a more formal
treatment of a quantum beam splitter and derivation of the above
output state, we refer the reader to book Introductory Quantum
Optics by C.C. Gerry and P.L. Knight (Chapter 6).

Therefore, when two indistinguishable photons interfere on a
beam splitter, the probability amplitudes for “both transmitted” and
“both reflected” events are perfectly canceled out:

lyp) = Clafa) — alb] +afb] — b/b])| 00)

vacuum state

Ml f%*f% ' N/

The result of this interference is the bunching of the two

photons in mode a or b. The negative sign is also a mathematical
requirement to ensure the reversibility of the beam splitter operation.
The indistinguishability of these photons suggests that we cannot
separate the two possibilities (one photon in each path) and they
are canceled out. The coefficient C' is the normalization coefficient
that is equal to 1/2. For the interference to occur, the two photons
need to have the same frequency and polarization. They also need
to temporally and spatially overlap on the beam splitter, hence the
word indistinguishable.

An experiment devised by Hong, Ou, and Mandel in Rochester
(1987) demonstrated that when two identical photons interfere in
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a beam splitter, the photons tend to bunch after leaving the beam
splitter.

2.4. Atoms

Most quantum technologies rely on atoms (or artificial atoms) and
photons as their building blocks to generate, store and process
quantum information. Photons of different wavelengths can be
treated as flying qubits carrying quantum information. Atoms on the
other hand are stationary qubits that also hold quantum information.
The interaction between atoms and photons is used to control and
manipulate the state of the qubits. In many cases, the interaction
between two stationary qubits can be mediated by a flying qubit
and vice versa. Atomic-based qubits are used to implement quantum
processors and memories while relying on interaction with optical
photons for control and processing. On the other hand, supercon-
ducting circuits, used as a platform for quantum computing, rely
on engineering techniques to build artificial atoms using electronic
circuits interacting with photons at radio frequency. Therefore,
understanding atomic properties and light-atom interaction in the
quantum regime is the key to the implementation of many quantum
applications.

In this section, we provide a basic description of atoms in the
quantum regime and discuss different ways atoms can interact with
photons.

2.4.1. Quantization of Energy in Atoms

A
/7 y —
w
WAAAYA 2 EyE,

1 —

Allowed orbit Hydrogen-atom energies Isolated two energy levels

1
2mr = (n+ 1A E, x — [) = e1]1) + c22)
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Louis de Broglie in 1924 postulated that if waves can have particle-
like properties, e.g. quantization of EM field energy, particles should
also have wave-like properties. He associated a wavelength, A\ to a
particle with momentum p given by A = h/p, where h is the Planck
constant. Bohr in 1913 suggested that electrons oscillating around
atoms are separated from the nucleus by a distance given by the
probable radius (Bohr radius, r). If now the electrons are treated
as waves, for electrons to have an allowed circular path around the
atoms, the circumference of the path should be an integer multiple
of the Bohr wavelength. From this picture, one can calculate the
energy of the electron using the Coulomb potential. For a simple
atom like Hydrogen, it can be shown that the electron’s energies
are quantized and inversely proportional to an integer n. However,
unlike the harmonic oscillator, the energy spacing between atomic
energy levels is not constant and varies with n. This makes an atom
a “nonlinear oscillator” that enables it to interact with EM fields.
For example, if the energy spacing between two arbitrary energy
states of an atom, Fs — Fjp, is equal to the energy of an incident
photon, Aw, the photon can uniquely address E; — FE5 transition
of the atom. If we restrict the system to this energy range, the
atom can be simplified such that only two energy states of the atom
need to be considered. This creates a stationary qubit (a two-level
quantum system) that interacts with the flying qubit. As long as an
atom has favorable coherence properties and can efficiently interact
with photons, the atom—photon system can be exploited for various
quantum applications. By controlling the interaction strength, light
intensity, and duration, an atom initially prepared in state |1) can be
transferred to any arbitrary superposition of two states |1) and |2).

2.4.2. Two-Level Atom and Bloch Sphere

Considering only the two energy levels of an isolated atom, we can
write the wave function of the atom on an energy basis using the
probability amplitudes ¢; and co. Although energies are discrete,
the probability amplitudes are complex numbers that belong to a
continuum. A two-level qubit, therefore, can be found in an infinite
number of possible states. To show the continuity in the wave
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function, we can represent the coefficients, ¢; and co, using generic
angles 6 and ¢. These angles construct a three-dimensional spherical
coordinate where a vector can be drawn from the origin to a point in
this space to represent a wave vector or a wave function. As the length
of the vector (along x, y, z dimensions) has to be equal to one, all
possible points form a sphere, which we refer to as the Bloch sphere,
and each wave vector is the Bloch vector in this sphere. We can write

[1h) = cos(6/2)[2) + sin(6/2)e™|1)
) = c1[1) +22)
je1? + leaf? =1

This geometrical representation of the wave vector of a qubit
enables the visualization of the wave function’s evolution after
various operations, where

x = sinf cos ¢
y = sinfsin ¢
z =cosf
Two-level atom Bloch Sphere
) —

E Z_E 1

| —

Once an atom is prepared in a specific combination of two energy
levels, its state can undergo decay and random fluctuations due to
interactions with the environment. Damping or decay processes are
typically characterized by two-time constants 77 and 75. The T time
refers to the decay time of the population. The decay of the popula-
tion can occur through spontaneous radiative decay or non-radiative
processes. The T time is a measure of dephasing or decoherence.
Fluctuation of energy levels through collision or field fluctuations
may cause the phase of the wave function to vary causing coherence
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(or the “waveness of the particle”) to vanish even without population
decay. Note that states |1) and |2) represent eigenstates of number
or energy (Hamiltonian) operator that we also refer to as Fock states
that are number states with a well-defined number of quanta.

2.4.3. Atomic Operators

Instead of states 1 and 2, we can use the labels g and e for the ground
and excited states of energy.

) = c1]1) + 2f2)
1) = cglg) + cele)

D) —

N

E Z_E 1

1 g

Similar to EM fields, we replace the dynamical variables with
operators, e.g. Pauli spin operators.

An operation on an atomic qubit maps the initial two-dimensional
wave function to another two-dimensional wave function representing
the qubit. This is equivalent to the rotation of the Bloch vector. The
commonly used atomic operators are Pauli spin operators that can
rotate the Bloch vector around the three axes of the Bloch sphere.
The operators are 2 X 2 matrices given by

. (01 (0 —i e (v 0
92=\1 o) %= \i o) %7\ o 41

Ouys = Oul + 6yj + 64k
Using these operators, we can define the rotation operators for a

Bloch vector along the z, y, or z axis as

R.(0) = 6—i9m/2’ R,(0) = e—’i@0y/2’ R.(0) = o 1002/2
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We can also define the ladder operators for atomic states, which are
analogous to ladder operators of EM fields.

6t =6, +i6, =|e)(g| (similar to al)
G =0, —i6y = |g)(e|] (similar to a)
6. =le)(e| —|g){g| (similar to a'a)

For example, the operator of when applied to an atom initially in
the g state transfers the atom to the excited state, e. Also, the
expectation value of the o, operator gives the probability of finding
an atom in the excited state, in other words, the population of
the atom. We can use the matrix form or the ket—bra form of the
operators to find the resulting state after applying an operation. This
depends on whether the state is written in vector or bra—ket form.
For example, when initially ¢, = 0,

o=y ) (V)= (5) o ol =laxele) = o

1
Note that state <(2)> after normalization becomes <O> =|g).

2.5. Light—Atom Interactions

Atoms as stationary qubits play an important role in quantum
technology as they can store and process quantum information.
Electromagnetic fields in the optical and microwave wavelengths
can be used to mediate interactions between two or more atoms.
In quantum communication, atoms are often used for the generation
and storage of quantum optical states carrying quantum information.
It is therefore important to review principles governing light—atom
interactions before we discuss the application of such interactions in
quantum communication.

In this section, we introduce the basic principles of light-atom
interaction using a simplified model of atoms where only two to three
energy levels of atoms are considered.
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2.5.1. Absorption and Emission

An electromagnetic field can interact with atoms in different ways.
An incoming photon can be absorbed by the atom if the photon
energy matches the energy spacing between any two energy levels of
the atom. Consider a two-level atom initially in the ground energy
state |g). Upon absorption, the atomic state changes from |g) to |e).
le) is the atom’s excited state.

le)

i Spont
Absorption AAAAD | Absorption | ot
probability Incoming photon emission

A i lg)
FWHM=y
- —
0 > w,—,

If the atom is initially in the excited state, it can decay to the lower
energy state via a spontaneous or stimulated process. Spontaneous
emission is governed by the interaction of the atom with the vacuum
fluctuation that gives rise to the exponential decay of the atom to
the lower state with a time constant equal to the inverse of the
bandwidth of the emitted light. Using the Heisenberg principle, the
relation between the time and energy (or frequency) uncertainty of
the photon can be determined. The uncertainty in photon energy can
be translated to uncertainty in atomic energy, suggesting that there
is an uncertainty associated with determining the energy spacing
of any two energy levels of atoms (7). We refer to this as natural
linewidth or lifetime broadening of the atoms described by the
following uncertainity relation.

AEAt > 1/2
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The atoms’ energy levels can be influenced by other broadening
mechanisms, such as Doppler broadening and collisional broadening.
If all the atoms in the system are affected by the broadening
mechanisms, in the same way, the broadening is said to be homoge-
nous; otherwise, the atoms’ spectrum is said to be inhomogeneously
broadened. Lifetime and Doppler broadening are examples of homo-
geneous and inhomogeneous broadening mechanisms, respectively.
The absorption or emission lineshape for a homogeneously (inhomo-
geneously) broadened system has a Lorentzian (Gaussian) profile.

In the stimulated emission process, the excited atom interacts
with external resonant stimuli (incident EM field). The external field
forces the atom from |e) to |g) by causing the atom to emit a photon
with the same phase as the incident field (coherent emission). Lasers
rely on the stimulated emission to create a strong and coherent EM
field by placing an ensemble of atoms inside an optical cavity.

2.5.2. Atomaic Dipole

Now, let us discuss the physics that governs light—atom interactions.
The classical electromagnetic theory describes EM radiation and
absorption by an oscillating dipole. When electrons are unevenly
distributed around the nucleus, an electric dipole can be created
where two clouds of charged particles (electrons and protons) are
separated by a distance, r. For a single electron, the dipole is given
by d = q.r = —er. The classical Hamiltonian or interaction energy
of the dipole is then calculated by calculating the electric potential
energy as given above.

dipole

polarlzatlon
EM fleld§ I
z
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The interaction energy between electron and E-field:
H=F -r=d-FE
where r is the electron distance from the nucleus (electron orbit).
d = —er.

In this case, the maximum absorption or emission occurs when
EM field polarization is aligned with the dipole direction and EM
frequency matches the frequency of the oscillating dipole.

The electric field with polarization along the dipole axis propa-
gating along the z direction, as shown in the diagram above, can
be written as E = Eyi cos(kz — wt). Frequency w is equal to the
frequency difference between energy levels of the atom. The radiation
or absorption from the two energy levels of an atom can occur only if
the dipole transition is allowed. If the electron’s orbits (shape of the
electron path or trajectory) corresponding to two energy levels are
the same, the relative electron distribution does not change as a result
of that transition, therefore no dipole is created and no radiation is
emitted. The distance r is the change in the electron orbital distance
when going between two energy levels and can be expressed in terms
of momentum as r = p,/mw, where p, is momentum and m is the
effective electron mass. Selection rules (set of restrictions associated
with the transition of an atoms, e.g. transition is allowed if it leads
to the orbital quantum number of an electron changing by one and
its magnetic quantum number remains the same or changes by one)
such as momentum selection rules determine whether an electric—
dipole transition is allowed or forbidden.

2.5.3. Light—Atom Interaction

To write the quantum Hamiltonian corresponding to the interaction
energy of the system, we replace the dipole d with its equivalent
operator form in quantum mechanics.

Starting from the classical interaction Hamiltonian or potential,

H=F -r=d-E
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and replacing dynamical variables with operators, we arrive at the
quantum Hamiltonian describing light—atom interactions.

d—d=p@6+6")
where we define

= (glerle) =d dipole moment

- B
o= Hr=
h

The expectation value of d is shown by p. The atomic operators o

Rabi frequency

and of are defined in terms of Pauli matrices and describe electron
transition between two quantized energy levels of the atoms. Above,
we also define a quantity known as the Rabi frequency that represents
the magnitude of the light—atom interaction.

The dipole moment p depends on the particular transition in
an atom as well as the polarization of the EM field. For Rubidium
atoms, for example, the effective dipole moment is on the order of
10729 C.m multiplied by a factor taking into account the momentum
dependency. This factor is known as the Clebsch—Gordan coefficient
and accounts for the momentum or polarization of the EM field as
well as the momentum and orbit of the electron in the corresponding
energy levels. The Clebsch—Gordan coefficients range from 0 to 1.

2.5.4. Light—Atom Hamiltonian

To write the total Hamiltonian for a single atom interacting with a
single photon, we need to add the energy of the photon and the atom
to the total interaction energy. The Hamiltonian of an EM field can
be written in terms of ladder operators, as shown before. The energy
of the atom can be written in terms of o, which is equivalent to the
number operator for the atomic field.

The total Hamiltonian of the system consists of three parts,
atomic, optical and light—atom interaction Hamiltonians:

Hj = hwod'a  (ignoring constant 1/2)
Hi = hwego'6 = hweg(le)(e])
Hpa = hg(oa® +6ta)
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where light-atom interaction strength is given by

- B
n

Weg

2€0hV

g=pu = Rabi frequency €=
To write the interaction Hamiltonian, we need to multiply the
operator forms of d and E as

Hpa=d.E=hg(6a" +sta+ stat + 6a)

where ¢ is the Rabi frequency for a single photon, often called the
light—-atom coupling rate.

The last two terms in the Hamiltonian correspond to the creation
of the photon when an atom is excited or the annihilation of a photon
when an atom is de-excited. Both of these processes can be ignored
as these processes are not likely to occur when we have only one
atom and one photon. Therefore, the interaction Hamiltonian can be
simplified by keeping the ¢a' and 676 terms.

The total Hamiltonian is then given by H = fIL + ]:IA + ﬁLA,
which is known as the Jaynes-Cummings (JC) Hamiltonian. It
describes the interaction between a two-level atom and a quantized
mode of a monochromatic optical field (e.g. a single photon defined
in a single spatial mode like a cavity mode).

2.5.5. Light—Atom Dynamics

Using the JC Hamiltonian and time-dependent Schrodinger equa-
tion, we can now describe the basic dynamics of the light—atom
interactions.

Considering a single atom initially in the ground state interacting
with a single photon, the possible quantum state of atom—photon can
be expressed as

[¥) = ¢g11g)[1) + ce0le)|0).

Using the Schrodinger equation, we can now describe the evolution
of a single photon—atom system:

0 1 -
E\W = —ﬁH|¢>
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The generic pure quantum state of the light—atom system is given by
|1)) above, where |g) and |e) represent the ground and excited energy
states of an atom and |1) and |0) represent a quantized field in the
Fock basis having 0 or 1 photons. If an atom is found in |g) state,
the photon is not absorbed; if the photon is absorbed, the atom will
then be excited to |e). The coeflicients c41 and ¢ are the probability
amplitudes of finding the system in either configuration.

We can now write the Schrodinger equation to find how these
probability amplitudes change with time and how they can be
controlled by changing the physical quantities. Considering the pure
state defined above we can write the corresponding time-dependent
Schrodinger equation to obtain equations of motions describing the
dynamics of the combined light-atom state

W) = cq1lg)[1) + ceole)|0)
? i
W) = ——H|W).

On the left-hand side of the Schrodinger equation above, we take
the partial time derivative of the wave function to find the dynamics
of the probability amplitudes, e.g. dcq1/0t = é41. On the right-hand
side, we need to apply the Hamiltonian operator to the wave function.
The result of these operations is the following rate equation.

C.971|g’ 1> + é870|€’ 0> = —iQCg71|€, 0> - iQC€70|g’ 1>
—iWegCe0l€,0) + 0
0 + dwocg1lg, 1).

To see how we can arrive at the terms on the right-hand side, we
need to evaluate the operations term by term. For example, for the

term corresponding to the light-atom interaction, we have
i o~ s At
—+Hrald) = —ig(6a +67a)(co1|g)[1) + ceole)|0))

which consists of four terms, two of them are zero because more than
one excitation is not allowed in the system (only one photon and one
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two-level atom) and the other two are found using

galle)|0) = 5le)|1) = |g)(ele)|1) = |g)[1)
gtalg)[1) = 6719)|0) = le)(9l9)|0) = le)|0)

where we first apply the field ladder operators and then the atomic
operators and we use normalization conditions, (ele) = 1 and
(g9lg) = 1. Similarly, we can find the effect of the light and atomic
Hamiltonian on the wave function.

Note that af|l) = a|0) = 6fle) = &|g) = 0 considering the
simplified system above. In the case where more than two energy
levels of an atom are involved and more photons and atoms are
considered, additional terms need to be also included in the equations
of motion.

2.5.6. Rabi Oscillation

We can now arrive at the two equations of motion for the probability
amplitudes by considering the coefficients of |g)|1) and |e)|0) on the
two sides of the Schrodinger equation separately. To simplify the
equations, we define the detuning term, A, as the frequency difference
between the optical and atomic frequencies.

Probability

A

Phase Qt

The equation of motion considering only the atomic part of the wave
function is given by

6'670 = —Z‘QCQJ

ég71 = —Z‘ACQJ — iQCe70
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where detuning:
A = weg — wo

which has the general solution for A = 0 (considering only the atomic
part):

cg(t) = Asin(Qt) + B cos(§2) P, = |c.|?

ce(t) = Csin(Qt) + D cos(Qt) 7 Py =|cy|?
The sinusoidal solutions to these differential equations are shown
above. The coefficients A—D are found using the initial conditions
and continuity condition of the wave function. Assuming that at
t = 0 the atom is in the ground state, the probabilities are plotted
as a function of Qt.

Such oscillations are called Rabi oscillations, and they indicate a
coherent oscillation of the population between the two atomic energy
levels when interacting with a continuous EM field. The oscillation
is considered a characteristic quantum signature in isolated two-level
quantum systems.

By changing the duration or Rabi frequency, the probability to
find the atom in the excited state can be determined. When the EM
field is pulsed with a certain duration such that Q¢ = 7 or 7/2, it is
called 7 or /2 pulses, respectively. A 7 pulse inverts the population
and a 7/2 creates a superposition state from an atom initially in |e)
or |g).

After applying a w pulse and monitoring the probability of finding
the particle in either state after different delays, one can determine
the population decay time (77).

To perform measurements of dephasing or the 75 time, we refer
to a method proposed by Ramsey (Physics Nobel, 1989):

(1) First a 7/2 pulse is applied to an atom, which is initially in the
ground state. This flips the Bloch vector into the z—y plane.

(2) If there is no detuning (frequency shift or frequency noise) or
dephasing, then a second 7/2 pulse after some time ¢ will flip
the Bloch vector exactly to the excited state, which can then be
detected by observing the empty |g) state (e.g. through lack of
absorption).
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(3) If, however, there is some detuning or phase fluctuation, then the
Bloch vector rotates in the x—y plane by an angle dt. A second
7/2 pulse would then not tilt the Bloch vector exactly to the
excited state.

By measuring the fraction of the atomic population in one state for
varying delays between the two 7/2 pulses, one can determine the
T5 time.

2.6. Strong Light-Atom Interactions

The strength of interactions between photons and atoms is important
for efficient and coherent control of quantum optical information.
In introducing the Heisenberg uncertainty principle, we saw that
the spatial footprint of an EM field in free space is given by the
diffraction limit. The spatial footprint of photons is typically much
larger than the size of an atom. This suggests that when the two are
interfaced in free space, most of the time the photon will pass by the
atom without interacting with it. In reverse, when an excited atom
emits a photon, the photon can be collected with limited efficiency as
most times the emitted photon’s mode does not match the detection
mode. This basic description indicates that both absorption of a
photon by an atom and the collection of an emitted photon from an
atom in free space occurs probabilistically. When a photon carries
quantum information, this probabilistic interaction results in a loss
of information in the form of, for example, a low probability of the
creation of entanglement between photons or atoms.

Interaction can be enhanced by optical resonators to overcome
the probabilistic limit in interactions. In this section, we discuss the
strong interaction between a photon and an atom mediated by optical
cavities. Such interaction is key to deterministic entanglement cre-
ation between atomic and photonic qubits, as well as superconducting
qubits, and are used in various quantum technologies.

We note that simply placing an atom inside an optical cavity
does not make its interaction with a photon less probabilistic.
Certain interaction parameters need to be engineered to reach the
strong coupling regime. We refer to this interaction regime as high
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cooperativity or strong coupling regime, where an atom or a photon
state can interfere with itself. Consider that a photon emitted from
the atom is not lost to the environment and can bounce back and
interact with the atom again. If losses are small and interactions
can happen faster than the decay rate of the atom, the EM field of
the photon can interfere with the atom and suppress or enhance the
emission. The interaction is therefore nonlinear at the single particle
level. This strong nonlinearity has applications in deterministic
entanglement creation.

2.6.1. Light—Atom Interaction in Free Space

The scattering power (or emission probability) by an atom into a
particular mode or direction, Py, relative to the scattering power
in all directions (47 solid angle) is called “cooperativity”. P, is the
incident power. The resonant free-space cooperativity, 7, can be
defined in terms of geometrical factors: the wave number k = 27/
and mode waist, w, or mode area A.

5 P47r

Y o—

The scattered light can interfere with the incident field modifying
scattering characterized by cooperativity as below:

Py _

PTJ = Tfs

P47r ~9 Cooperativity N 6
P, = 77fs4>77fs*m

where

E=2n/A& A=muw?/2.
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Away from the atomic resonance, the free-space cooperativity is
modified by a factor written in terms of the excited state atomic
linewidth, -, and light—atom detuning A.

2
Nfs — Nfs (m)

The detailed derivation of cooperativity is provided in Tanji-Suzuki
et al. (2011). As the wavelength of light is bounded by the atomic
transition in free space, the cooperativity can only be increased by
focusing the light more at the location of the atom. The assumption
used in the derivation of the cooperativity relationship above is that
the coherence time of the atom and photon should be longer than
the interaction time given by the photon wave packet duration.

Considering the diffraction limit, w 2 A/2.8, the free-space
cooperativity can, in principle, reach values on the order of unity.
A cooperativity on the order of one and higher corresponds to the
“strong coupling regime”.

2.6.2. Cawvity Interactions

Inside an optical resonator, the interaction can increase by a factor
proportional to the cavity finesse, F, compared to free space. The
enhancement factor is determined by the number of intra-cavity
roundtrips a photon takes before it leaves the cavity.

-

0Q

’Yt/l/.l’v

-



Photons and Atoms for Quantum Optical Information 111

A single atom can modify light transmission. The size of such
modification depends on the strength of interaction, characterized
by cooperativity:

24.% |
n= ans ka/Q
or equivalently
492
”7 e —
Ky
where:
4. 4V R
N:—:L, for Ry = Ro.
T 1—-R

See Tanji-Suzuki et al. (2011).

Equivalently, the cooperativity is defined as the ratio of the light—
atom interaction rate to the loss rates by atom, v, and cavity, x. The
cavity finesse is given by mirror reflectivities. Cavity finesse as high as
100,000 or more is achievable with bulk mirrors. To reduce the mode
volume or cross-section, w, mirrors with a large radius of curvatures
are used. Alternatively, micro- or nano-photonic cavities can be
fabricated to reduce the mode volume or cross-section. We note that
the cooperativity above is the maximum possible cooperativity and
the actual value can only be less than the maximum value due to, for
example, non-ideal atom—field overlap. If the E-field at the location of
the atom is not maximized, the cooperativity is accordingly reduced
from its maximum value. The reduction factor in this case can be
calculated using the ratio of the E-field at the atom’s location to its
peak value: |E(ratom)/E(peak)|?.

Py 29
Pn  (1+41n)?
Py 1
Pn  (141n)?2

On the atomic and cavity resonance, the ratio of the scattered
power, Py, and the transmitted power, F;,, to the incident power,
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Py, can be expressed in terms of the cooperativity. It can be seen
that at high cooperativities, the transmission and scattering are
suppressed to the point where most light is reflected from the cavity.
In other words, a single atom resonantly interacting with a cavity
photon can induce such a strong absorption that it effectively shifts
the cavity resonance condition (by inducing a large refractive index,
effectively changing the cavity length).

In the case of total cavity blocking on the resonance condition, the
incident photon is reflected from the cavity with a high probability,
with little chance of scattering or loss. This however does not indicate
that the photon will not enter the cavity or not interact with the
atom. It is the interaction with the atom that gives rise to cavity
blocking.

2.6.3. Light—Atom Entanglement Inside a Cavily

Consider an optical state in a superposition of 0 or 1 photon state
that is incident on a cavity containing a single atom. In the high
cooperativity regime and on atomic and cavity resonance, the atom
can block the cavity only if it is prepared in the ground energy state
|g). If the atom is also prepared in a superposition state of two energy
levels |g) and |e), the outcome of the interaction is an entangled state
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n>1

10)+11)

VVA ‘ » e
:: Py _ 1 .E
f Py (1412 ’ L

1£)(10) — 1)) le)(10) +11))

Classical picture:

Quantum picture:

|¥) = [e)(10) + [1)+1g)(10) — 1))
%) =(lg)+1e)[0)+(lg) — e[ 1)

of the photon and the atom. When the atom is in the ground state,
the optical state is fully reflected, (cavity blocking) and as a result,
the phase of the reflected light changes by 180 degrees. This 7 phase
change is characteristic of the reflection from a surface with a higher
refractive index (illustrated by the classical wave picture on the top
right for the first three fundamental modes). In optical cavities, the
7w phase change is needed to satisfy the interference condition at the
input and the output, and achieve the cavity resonance condition.

Therefore, when the atom is in the |g) state, the input optical
state changes from |0) 4 |1) to |0) — |1), ignoring the normalization
coefficient. On the other hand, when the atom is in the |e) state, the
optical state is transmitted unaffected. The total state of the system
can no longer be described by the atom and field states separately.
Now, it should be written as a coherent superposition of the two
outcomes.

We see that in this strong coupling regime, simply impinging an
optical state to the atom—cavity system results in the deterministic
(not probabilistic) generation of atom—photon entanglement. An
interaction of this kind can also be used to create photon—photon
entanglement by sending a subsequent photon into the cavity.

In the simple reflection picture, we see that interaction can be
interpreted as the atom or photon experiencing a 180-degree phase
shift since the global phase does not matter.
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2.7. Two-photon Transitions in Three-Level Atoms

So far, we have considered the simple picture of a photon resonantly
interacting with a two-level atom. In reality, the atom has multiple
energy levels and the light frequency may not match a particular
atomic frequency. In this section, we consider a more general case
of light—-atom interactions, where two light fields interact with an
atom with three-energy levels. This interaction scheme is important
in quantum communication and it is frequently used to coherently
manipulate, store, and control optical and atomic qubits.

2.7.1. Three-Level Atom

AVAVAY
V'V

The energy levels of atoms are determined by the electron configura-
tion and interactions with internal and external fields. The electrons
inside an atom can reside in different energy levels and the spacing
between adjacent energy levels can vary and may not be equal. As
a result, an atom can interact with a single or multiple optical field
via separate transitions. Which transitions are excited depends on
the relative frequency of the light to the energy spacing of the atom,
light polarization, selection rules, and more.

The middle figure above shows one way that two electric fields
with frequencies w1 and weg can interact with two transitions of a
three-level atom. In this cascaded transition, if the atom is initially
prepared in the energy level |1), the two fields can derive the atom
from |1) to |3) through level |2). This is true if the population decay
rate of level |2), 1/Ty, is slow compared to the Rabi frequency of
the two fields. The coherence times Tp and Tj determine whether
coherent mapping from the field to the atom can be achieved within
a given timescale.
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Another example of a two-photon transition is shown on the right,
known as A-transition, where the two fields with frequencies wq3 and
w3 excite the atom from 1) to |2) via the excited state |3).

Such two-photon transitions are frequently used in atomic spec-
troscopy. In some cases, a particular transition may be forbidden by
the selection rules, and as such, two-photon excitations enable us to
indirectly excite the atom. The addition of an EM field can also be
used as a coherent control knob to control the coupling of the other
field to and from an atom.

2.7.2. Resonant Interaction

Electromagnetically Induced Transparency

-,

absorption

relative light frequency,w, — @

Consider the A-transition shown above. The interaction Hamilto-
nian of the system can be written as

Hiy = —h/2(Qpa—3lemf’t + Qcé'ggeiAct)

where 2, and ). denote the Rabi frequency associated with the
probe field, Ej,, and the control field, E., respectively. The atomic
operators are written as o;; = [i)(j| and A, and A, which are the
frequency difference of the probe and control fields from 1-3 and 1-2
transitions, respectively. We assume A, = A, = A.

Under resonant interactions, and when the control field is much
stronger than the probe field £, < E., the two absorption paths
can interfere, resulting in suppression of probe absorption. This
regime is known as electromagnetically induced transparency (EIT)
(Harris et al., 1990; Fleischhauer et al., 2005), where the two
possible pathways in which light can be absorbed by an atom
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undergo quantum interference. Due to the destructive interference,
the absorption vanishes, a narrow transparency window is opened
inside the opaque medium, and probe propagation is accompanied
by strong dispersion.

In the absence of a strong control field, the probe light is
maximally absorbed on atomic resonance, as seen by the dashed
curve (plot of susceptibility of the medium) on the left. As the
frequency of the probe field changes away from the atomic resonance,
the absorption strength decreases. If we now introduce a strong
control field, the interference between the two fields at the resonance
condition opens a transparency window into the medium, and the
probe is now transmitted, meaning it is no longer absorbed by
the atom. The probe propagation through the EIT window is
accompanied by strong dispersion given by the steep slope of the
susceptibility curve near the resonance.

As a result, the probe propagation occurs with low group velocity,
enabling us to delay it or even store its information in the form of
atomic coherence between energy levels 1 and 2. It can be shown
that the group velocity of the weak probe field is proportional to the
intensity of the control field.

In the limit that the control field is much stronger than the other:

e absorption vanishes,
e group velocity of weak probe field: v, o E2.

2.7.3. Off-Resonant Raman Transition
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When the probe field is pulsed and the pulse is compressed (due to
reduced group velocity) to fully fit inside the atomic medium, reduc-
ing the control intensity to zero can practically “stop the light”. At
this point, it is not the light that is stopped, but it is its information
that is mapped to the atomic coherence, |1)(2|. Subsequently, increas-
ing the control field power after time 7 can result in the retrieval of
the probe pulse, given the atomic coherence time is longer than 7.
This method can be used to store quantum optical information. This
has applications in quantum communication and computation.

Off-resonant interactions like the one shown above on the left of
the preceding figure are also frequently used to coherently control
atomic coherence. An off-resonant light will not be absorbed by
an atom. However, when both the control and probe fields are
detuned from the excited state while resonantly interacting with
levels 1 and 2, the two transmission paths can interfere and result
in absorption. The effective coupling strength between levels 1 and
2 is then given by Qi = Q,Q./A, assuming A > 5 where 7 is
the excited state linewidth. At large detunings and strong control
powers, the probe field can be coherently absorbed by the two lower
energy states of the atom.

Off-resonant interaction of two fields can give rise to absorption
(two-photon resonance) effectively creating a two-level system.

The experimental data on the right shows the probe transmission
through rubidium (Rb) atoms in the presence of a strong control field
for different detunings, A. As expected, close to resonance (A ~ 0),
the probe is transmitted through the EIT window. As the detuning
increases, the transmission changes to absorption.

This off-resonant coupling is called the Raman transition and it
can also be used for the storage of a probe pulse by pulsing on and
off a control laser. The process is also routinely used to pump (or
prepare) atoms in either of the lower energy states when the direct
transition is not allowed or effective.

An effective Rabi frequency between the two lower energy states
can be engineered and the duration of the laser pulses can be chosen
to precisely control the population of the atom or to create arbitrary
superposition states.
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We can try to obtain a more rigorous description of the inter-
action in this A-configuration by writing the Schrédinger equation.
Assuming a generic atomic state, |¢)) = C1|1) + C2|2) + Cs]3), we
can derive equations of motions of probabilities C;. We can define

the Rabi frequency of the two fields as €, . = w Writing
the Schrodinger equation, we then find

- . Q am

Cl = —(Z(Sagp +'yp/2)Cl —1 R CQ

. . -QRam

C2 - _(Z‘Sac,c + 70/2)02 —1 5 Cl (2.1)

C3=0

Above, we assume that C3 dynamics is much slower than timescales

associated with A and I' and ignore its time dependency. We
Q2

have defined the ac-Stark frequency shift as § 4LA/C, Raman
. 02 . .

scattering rate as yp. = ﬁfy, effective Raman coupling rate as

ac,p/c —

QRam = %, and spontaneous emission rate of level 3, «v. The time
derivative of the reduced density matrix element corresponding to
coherence is then given by

. g e . OQRam
po1 = C5C1 + C5C = — <25Ram + B) p21 — 1 Ha (p22 — p11)

2 2

where Raman detuning is defined as dram = 0ac,p — Oac,c and total
decay rate assuming an additional ground-state decoherence rate, 7y,
is v12 = 7 + Ve + 70. The equation suggests coherence between the
two lower energy states driving by Qram. This shows how information
from an EM field is mapped to the atomic coherence.

2.8. Dynamics of Density Operator

In this section, we provide more detailed explanation about density
matrix and derivation of light-atom interaction dynamics (equations
of motion) using the density matrix formalism. We have introduced
the density matrix as another representation for the quantum state
wave function. In most practical cases, the state of a system is a
mixed state consisting of different wave functions. If the system
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is described by wave function [|¢,) with probabilities p,,, then the
appropriate density operator is

= 3 paltn () ()]

Here p is the density operator and for any complete set of basis states
it can be represented by a matrix (the density matrix). We can write
|1n) above in terms of its basis states {|i)}, and arrive at

p=">_liilpli) il = ZI i)pij (j
7

The diagonal matrix element p;; are population terms or the prob-
abilities of finding the system in state |7); the off-diagonal elements
pi; are coherences between states ¢ and j. A non-zero off-diagonal
element suggests phase coherence (e.g. coherent suppression) between
different states and thus is a measure of “quantumness”. The density
operator is hermitian, i.e. o = p. The hermitian operators have real
eigenvalues that correspond to measurable quantities. In Eq. (2.2),
if states {|¢n)} are themselves orthonormal basis functions, the
eigenvalues of the density operators are simply probabilities p,, that
are bound between 0 and 1 and > p, = 1 as seen below:

Trp] = Z (ilpli) an2| |¢n an—l

A pure quantum state is represented as a linear superposition of
basis states, |i) as

-3
7
Some properties of pure states include:

+ T =X
o Tr[p| =

.p2—

b

In reality, there is no pure state and all states measured in a lab
are a statistical mixture of pure states, i.e. mixed states as described
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by Eq. (2.2). In the case of a mixed state
Tr[p?] < 1.

Note that in Eq. (2.2), each wave function |, (t)) is written in terms
of the basis function (e.g. |i)) and when multiplied by (i, (t)| the
product can not be written as a pure state density operator, i.e.

p=2_pili)jl (2:2)

The wave function of a composed system, e.g. atom-light system,
can be written as a tensor product [th4,) x |¢1,). The corresponding
density matrix of the combined system p can be written as

~ K- -
P = Z Zpij|lj><kl|-
ij  kl
It is sometimes useful to consider the elements of a system
separately. In the case of light interacting with atoms, we might be
interested to describe the evolution of the light field as the result of

interaction with the atoms or vice versa. In such case, we can define
the reduced density matrix for system A only as

pa=3"3 culit(k
) k

where o is the partial trace over system L, o, = > j pff
Alternatively, if p is known, the expectation value of any operator
O can be found as:

(0) = 3" pu(tnlOln)
== " paltuli) l01) (ihin)
= Z Oijpji = Tr[Of)].

We will use this form when calculating the expectation value of
atomic operators from density matrix elements.
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Taking the time-derivative of the density operator we can arrive
at the Schrodinger — Von Neumann equation

o an(atl‘l’n(t)>)<‘1’n(t)l + [0 (1)) (0e (W (8)])

= ththIf ))(T anmv U, (6)|H

1. -
— —[H. )

where H is the Hamiltonian of the system. Note that this equation is
derived in the Schrédinger representation, where the wave functions
are considered time-dependent but the operators are not.

Going to the Heisenberg representation, where the operators
are considered to be time-dependent, we can describe the operator
dynamics by the following equations (note the difference between the
derivative and partial derivative with respect to time):

o 90 1 . -

This equation can be used to derive equations of motion describing
the dynamics of operators or their expectations values. When there
is no explicit time dependency for the operators, i.e. do /dt = 0, the
equation will look similar to the Von Neumann equation. We use this
equation later to derive equations of motion for expectation values
of the atomic operators.

Since the Hamiltonian is hermitian, there are no imaginary terms
in the preceding equation, suggesting no decay. However, the decay
of population or decoherence needs to be considered for any realistic
processes. We can add those terms manually to the equation above
to account for various decays.

The formal way of dealing with decoherence is to follow the
Lindblad master equation where additional terms are added to the
above equation modeling decay (e.g. spontaneous emission) and
decoherence (e.g. due to magnetic field fluctuations) processes in the
System.
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Consider the state of a single atom initially (¢ = 0) in the excited
state given by |1g). Atom undergoes spontaneous emission after time
ot with probability P forcing the atom to decay to the ground state
|thg). With probability 1 — P, atom remains in the excited state after
time 0t whose state is described by |[i)s:). The state of the system
after time 0t is a mixed state (see Ref. [Gerry and Knight (2005)] for
more details)

P = [se)(WPst| = (1= P)[te) (e + Plibg) (tgl.

where the probability P can be written in terms of the decay rate,
I", and field’s ladder operators as

P = (T6t)(yolal ale).
If atoms decay, the state of the atom “jumps” to

altbo)
(tholatale)t/?”

Otherwise, the state after time 6t is found by simple time evolution

|¢g> =

and normalization

e i6tH ‘¢O>
(o eiOtHT @=i0tH |1\ 1/2

|’¢e> =

The mixed-density operator is then given by

|Wst) (bse| = (T'5t) alwbo) (thola’

T o~ | 1 o I ..
+ <1 - ﬁH(St - §5taTa> |%0) (2ol <1 + ﬁH(St — §5taTa>

= o) ol — 7O, o) w]

r . 4 ata St
+ §5t{2a|¢0><¢0|aT — alalyo) (o] — [vho) (volatal.
Averaging over all states and in the limit of ¢ — 0, we obtain

ap i~ r .. it At A
o =~ 7.0l + 5 {2apa" —alap — pata}.
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This equation is known as the master equation. In the case where
more decay processes occur, the last term should be the sum of all
decay processes with corresponding jump operators, e.g. a and al.

2.9. Interaction of Light with Atoms in Free Space

Consider a two-level atom with ground, |g), and excited, |e), state
energy levels at frequency spacing we, interacting with EM field of
frequency wr. We have previously defined the atomic operators in
terms of the Pauli spin matrices, ¢, 6, and &, that represents the
angular momentum of the electron spin, as

61 = beg = 65 + 6y = |e){g]

The operators 67 and & are atomic ladder operators and account for
atomic coherence and &, represents the population difference of atom
in the two states.

Ic}

A two-level atom, with energy levels |g), and |e) and frequency spacings weg,
interacts an optical field, & with vacuum Rabi frequency (coupling rate) g.
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2.9.1. Schrodinger Picture

We first consider and describe the interaction of two-level atoms,
with energy levels |g), and |e) and frequency spacings wey, with an
optical field, a of frequency wy, and vacuum Rabi frequency (coupling
rate) g, in the Schrodinger picture (see the figure below).

The total Hamiltonian of the system can be written as

H/h=(1/2+ ala)wr, + we676 + g(6a" + 61a).

The first term above is the light Hamiltonian, the second term is the
atom Hamiltonian and the third term is the light-atom interaction
Hamiltonian. The interaction term has two other components, 6faf
and ¢a that oscillate at frequency +(wey +wr,) that are much larger
than the frequency of the other two terms 4(wey — wr) and thus
quickly average to zero. We call this approximation, the rotating wave
approximation (RWA). We can also drop the term corresponding to
the constant energy 1/2hwy, by changing the energy reference.
A generic solution of wave function to the Schrédinger equation

) X
ih— =H
iho ) 1)
can be written as

) = cgalg)|1) + ceole)]0)

where coefficients ¢, /. 1o are the probability amplitudes and |g)|1),
for example, indicates the total state of the system when the
atom is in the ground state and the photon is not absorbed. The
probability amplitudes of other states such as |g)|0) and |e)|1) are
zero, considering the conservation of energy.

Plugging this solution to the Schrodinger equation we have

¢q.1lg)|1) + ceole)|0) = —iwpataly)
— Wy o)

—ig(eal +&Ta)|y).
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Considering that @ and a' only operate on the optical states and &'
and ¢ only on the atomic states, we have the following operations:

aalg)|1) = |g)|1)

a'ale)|0) =0
515g)[1) =0
515e)|0) = |e)[0)
gallg)|1) =0
5alle)|0) = |g)[1)
atalg)|1) = [e)|0)
oTale)|0) =0

Note that a'|1) = 0 and 6T|e) = 0 because we only have one photon
and one excited state. Using the above operations, we can rewrite
the Schrodinger equation as

g119)[1) + ¢eple)|0) = —iwrcg1]g)|1)
— iWegCe,0/€)]0)
—ig(cg,1le)[0) 4 ce0lg)]1)).

Equating the coefficients of |e)|0) and |g)|1) terms on both sides
we arrive at following dynamics:

Cg,1 = —IW[Cy1 — 1GCe 0
Ce,0 = —1WegCe,0 — 19Cq,1-

To simplify further, we rewrite the above equations in a frame
rotating at the optical frequency, i.e.
Cg1 = Cg,leiith

Ce0 — ce,oeﬂ“’Lt.
We then find the new equations defining A = wey —wy, as
C'g,l - _igce,O

ée70 = —Z'AC&() — igcg,l.
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We can add a phenomenological decay rate v for damping of atom’s
coherence between the two levels to obtain

ég,l = _igce,O
Ceo = —(7 +id)ceo = igcg,1-

Taking time derivative of the second equation and replace ¢, 1 from
the first equation we have

ée,O + (7 + Z.A)C.e,O + g2cg,1 = 0.

The equation above indicates damped oscillation with the solution
given by

: Ot
—(y+iA)t cos 7

where effective oscillation frequency, known as Rabi frequency,

Q= /A2 +~2 +4g2%. We see that the probability amplitude of the
atom in the excited state oscillates at frequency €2/2, which in the

6670 = Cp€

ideal case when v = A = 0, it becomes g. This oscillation is known
as Rabi oscillation and g is referred to as vacuum Rabi frequency. In
presence of damping the oscillation vanishes in a time scale of 1/7.

2.9.2. Heisenberg Picture

We now use the same the Heisenberg picture to write the equations
of motion for the expectation values of atomic operators for the case
of light interacting with two- and three-level atoms. For a two-level
atom shown in the preceding figure we can write the following set of
equations for expectation values using the Heisenberg equation,

0t0ce = 1§2/2(0¢g — 0ge) — T'oce
0¢0gg = —i82/2(0cg — 0ge) + T'0ee
00ge = — (Y + 1A)oge — iQ2/2(0ce — 0gg)

where A = wey — w is the frequency difference (detuning) of the EM
field with respect to the atomic transition, € is the Rabi frequency of
the optical field, and I' is the excited state population decay rate. In
the equations above we have included a phenomenological decay rate
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to account for loss and decoherence. Assuming an additional damping
rate g that accounts for the dephasing processes, for example atom-
atom collisions or magnetic field fluctuations, the total decoherence
rate v can be written as

")/:F/z-i-’}’().

Note that to arrive at the above equations of motions for the
atomic population and coherence we substituted (6;;) = >, 0P =
Tr(op] by 0i;.

The steady-state solution of the above equations can be found in
the limit that the dynamics of population and decoherence are slow
compared to other time scales of the system, e.g. I', i.e. 9;0;; = 0. In
this limit, solving for the population term we find

S
O'ee(t - OO) - Em

where s is the saturation parameter and is defined as
02 /4T
§= —— 5.
1+ AZ/42
In the resonant condition, A = 0, we have
92/4,.)/2
T+ 02T

Now consider the interaction of a three-level atom with two light

Oee(t = 00,A =0) =

fields (probe and control fields) as shown in the figure below. The
interaction Hamiltonian of this system can be written as

Hiy = —h/2(Qp5'316iApt + Qca'ggeiAct + HC)

where ~;; denotes the decay rates between levels i and j, 2, = gF),
and (2. denote the Rabi frequencies of the probe and control fields,
respectively, g is probe-light-atom coupling rate, and F, or Ep, which
is treated as quantum field, is the probe’s electric field amplitude that
is much weaker than the control field (treated as classical field). The
frequency detunings of the probe and control fields from the excited
state are A, and A, respectively.
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Y13 | 3>

W i

A three-level atom, with energy levels |1}, |2), |3) and frequency spacings ws1 and
w3z, interacts two fields with Rabi frequency Q. and €2,.

Similar to the case of the two-level atom, we can arrive at the
equations of motion for the atomic operators’ expectation values as

012 = —(y12 — 90)012 + Q) /2013 — 12,032

(5’13 = —(713 — iA)Ulg + z‘Qp/2(011 — 0’33)

039 = _(723 — iA)O’gQ + iQZ/Q(O’gg — 0'22) — iQ;alg
where * represents complex conjugate operation, and 6 = A, — A, =
Wp — We — wi2 is the two-photon detuning and A = A, = wi3 —wy, is

the one-photon detuning. Below we take y13 = v23 = 7.
We can solve for o3 in steady state as

o A5(| 2 — 20A) — 4ANE,
1922 + (13 + i2A) (712 + i25)[2

ny 802713 + 2v12(|92? + Y12713)
12612 + (13 + i2A) (712 + i26) 2

013




Photons and Atoms for Quantum Optical Information 129

04

=08 = 0.2
: g
=

206 B o
= =

£ g

=} =

Z 0.4 = 0.2

. . - -0. 0
Sy Sy
(a) (b)

Normalized imaginary (a) and real (b) parts of susceptibility plotted as a function
of two-photon detuning, § at zero one-photon detuning A = 0.

that is proportional to the susceptibility seen by the probe light:
X(l) (Wp) = g0'13

where G = ,u%?) /€ohV, u13 is the dipole moment of the transition, and
V' is the interaction mode volume. The real and imaginary parts of
the susceptibility are plotted in the following figure as a function of
two-photon detuning, §, for A = 0.

The transmission and refractive index of the probe field can be
expressed using the real and imaginary parts of x(!)

n(w) =1+ Re[x(w)]/2.

where L is the interaction length and k, = 27/, is the wavenumber
of the light with wavelength A,. The transmission of a probe light
interaction with three-level atoms in the EIT condition is plotted for
two different optical densities (d) and control Rabi frequencies (€2)
As seen in part (a) of the above figure, at zero one- and two-
photon detunings, the absorption vanishes. At low probe and control
powers, this is fundamentally explained by quantum interferences
between the two fields. This regime is known as electromagnetically
induced transparency (EIT). At high powers, the physics changes
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Transmission of probe light through an ensemble of three-level atoms in the
EIT condition plotted for two different optical densities (d) and control Rabi
frequencies (2).

and the transmission occurs due to the shift in the atomic transition
caused by the strong light field (i.e. light shift or ac Stark shift). The
steep variation in the real part of the susceptibility gives rise to the
reduced group velocity of the probe light

dk,  n+won/ow,  dy

d 02
/Ug — ﬂ ¢ ~ c

where d = gL /~c is defined as the optical depth of the medium. In
the EIT regime, the probe light’s group velocity can be reduced by
lowering the power of the control field or increasing the interaction
strength. Experimental group velocities as low as 17 m/s have been
demonstrated. The transmission bandwidth however also scales with
the control field power. So to achieve large delay-bandwidth products
one must increase the optical depth.

In the case where light interacts with N identical atoms, one can
show that by replacing ¢ with gv/N, the equations derived above
can be used to describe light interaction with the ensemble of atoms
[Gorshkov et al. (2007)], where L is the length scale of interaction or
size of the ensemble.

2.9.3. Four-Wave Mixing in Four-Level Systems

Interaction of light with more energy levels of atoms can result in
more complex processes. Here we discuss the interaction of three
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pump g
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(a) A example of four-wave mixing in a four-level atom. (b) Schematic setup
showing the propagation of the pump, probe and conjugate to/from an atomic
ensemble. The probe and conjugate beams symmetrically propagate away from
the pump beam. This is to satisfy the phase matching condition between the
beams as they have slightly different frequencies.

beams with a four-level atom giving rise to generation of a fourth
beam, a process known as four-wave mixing.

Consider the level structure depicted in part (a) of the following
figure, where a pump field with Rabi frequency €2 and a probe field of
amplitude &, interact with the ground state |1) and metastable state
|2) of an atom with (hyperfine) splitting frequency Ajy. Both fields
are on Raman resonance and are detuned from the excited states |3)
by amount A. The pump also interacts with the other ground state
and generates a conjugate field, £.. The second two-photon or Raman
transition is detuned from the excited state |4) by an amount A’. The
interaction Hamiltonian of the system in a rotating frame and using
RWA is given by

Hint/h = —gEpi31 — Vi3a — gEeban — Va1 + hec.

Here we assume equal coupling for probe/conjugate and pump
transitions. h.c. refers to hermit conjugate terms.

Similar to before, we can write equations of motion for the non-
negligible expectation values as

d0'21

— = 0021 + 10319 + +io 4282
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d
% = (v + iA)os1 +igE, + iQoa
d
% = —(y+iA")ou + Qo012 + igE,

where + is the decay rate of the excited state for both states 3 and 4
and 7o is the ground state decoherence or damping rate. We can
see that coherence terms o049 and o3, are coupled via the ground
state coherence o15. As the result the corresponding fields emitted
at |[4) — |2) and |3) — |1) transition frequencies are correlated. For
this reason, the FWM process is used to generate correlated photons
or squeezed or entangled states of light at the probe and conjugate
frequencies.

2.9.4. Interaction of Atoms with Light Inside an
Optical Resonator

We now consider light-atom interactions inside an optical resonator
(see the figure above). We take the intra-cavity field to be single-
mode at frequency w, represented by ladder operators ¢ and ¢ and a
two-level atom with energy states |g) and |e) and transition frequency
w, interacting with the optical field with the characteristic rate gg
(vacuum Rabi coupling rate). The atom’s total decay rate is v and
the photon decay rate out of the optical cavity is given by x. The
Hamiltonian of such a system using rotating wave approximation

resonator

Cin 'Y% miryr
— et ol

ANL | N, |

Schematics of light interacting with a single atom inside an optical resonator or
cavity.
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(RWA) is given by
ﬁ/h = wcéTé + wa&ee + gOa'egé + go&geéT-

In the Heisenberg picture, the equations of motion for the optical
and atomic fields become

: K
c=— (iwc + 5) c— igoa'ge

Gge = — (ma i %) Gge + g0 (Gee — Ggg) C-

In the limit of low excited state population, i.e. (Gce) < (gg),
we have (G49) — (Gee) = 1 (because (G49) + (Gce) = 1). Rewriting
the equations in the rotating frame oscillating with frequency w,
and replacing operators in the above equations with the expectation
values, (04c) = 0g4e and (¢) = ¢ we have

. Y .
= —50 — 1900 ge

Oge = — (iA + %) Tge — 1G0C.

We can solve the second equation in steady state for o4, and replace
it in the first equation to find

2
. _E . 90
C_< 2+2A—i7/2>c

The imaginary component of the second term suggests a frequency
shift of the cavity resonance due to light interaction with the atom.
At A = 0, the cavity linewidth /2 is modified by a factor of (14 C)
where C' = 4¢g2/(k7) is the light-atom cooperativity.

We can also solve for o, by plugging the field expectation value
into the 6.4 equation and find the following dynamics at A = 0:

Oge = _%(1 + 498/57)098-

The preceding equation suggests an atom decay rate modified by
a factor of (1 + C'). This rate modification is only observable when
cooperatively approaches unity or above. In this regime, emitted field
from the atom can interfere with itself and modify the emission rate
for the cavity more, i.e. mode a.
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When considering the incident and reflection light outside the
cavity, we can use the following input-output relationship

Cout + Cin = \/EC

where we can define the reflection coefficient as

Cout c
r= =Vk— — 1.
Cin Cin

Using the equation for field dynamics in the previous page at

A =0, we can find
! 1
r=-——--—
1+C

Above, we assume the cavity is single-sided (the second or right
mirror is highly reflective) and output light from the cavity travels
in the opposite direction as ¢y, .

We can then derive the cavity reflection probability using the
equation for field dynamics in the previous page at A = 0, and find

CZ
(14+0)*
It can be seen that when C' > 1, all of the light can be reflected with
no light lost to free-space scattering or spontaneous emission.

P.=|r]? =

When N identical atoms cooperatively interact with light, one can
show that effective cooperativity scales with IV, i.e. C' — NC. When
atoms are not located at the maximum intra-cavity intensity, the
reduced cooperativity needs to be calculated accordingly by finding
the field amplitude or intensity at the location of the atom.



Chapter 3

Quantum Communication

Secure communication may play an important role in national
security, financial markets and more. The need for a quantum
optical communication network has been highlighted by recent
demonstrations and blueprints by, for example, the Chinese Satellite
Communication effort, the U.S. Department of Energy Blueprint
for a Quantum Internet, Europe’s Quantum Internet Alliance, and
Canada’s Quantum Encryption and Science Satellite, to name a few.
Efficient and deterministic distribution of quantum entanglement is
the key to developing future quantum networks. A network of this
kind has applications in networked sensing for global parameter esti-
mation, secure communication, and distributed quantum computing.
Developing the optical interface is the only known approach to long-
distance communication of quantum information.

The DARPA Quantum Network project (2000) was a landmark
project aiming to push the then state-of-the-art quantum optical
technology to establish the first quantum key distribution (QKD)
network. Figure 3.1 illustrates the timeline and major milestones in
classical and quantum technologies and indicates how research on
quantum networks here is timely.

Although quantum networks have great potentials, it is difficult
to predict how well they can be implemented in practice. Can a
quantum network distribute entanglement over long distances and at
high rates? What are the immediate applications of such networks
apart from secure key distribution? What does it take to achieve
distributed quantum computing?

135
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Figure 3.1. (a) Illustration of the digital technology revolution and its timeline.
(b) Illustration of the next “quantum” revolution marking already-demonstrated
milestones.

The main challenges preventing the community from going
beyond QKD include the following:

e the probabilistic nature of photon—photon and photon—atom
entangling interactions,

e the lack of scalability and multiplexing quantum communication
devices,

e the incompatibility of devices in a network and the need for low-
loss heterogeneous integration.

In this chapter, we introduce some quantum communication
protocols and discuss how they can be implemented. We discuss the
desired device metrics, device integration, and provide examples of
state-of-the-art physical layers of a quantum communication system.

3.1. Quantum Key Distribution

None of the classical encryption methods proposed to date are
considered entirely secure. RSA encryption is secure so long as there
is no efficient way to factorize large numbers. In contrast, the laws
of quantum physics enable fundamentally secure encryption.

In this section, we introduce one of the most exercised concepts
in quantum communication known as quantum key distribution
(QKD). QKD enables the creation and distribution of random keys
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between parties that are then used for encoding and decoding at
those end stations. Importantly, the key distribution protocol enables
the detection of eavesdroppers in the line. This is possible thanks
to the no-cloning theorem, making QKD fundamentally secure from
eavesdropping attacks.

In this section, we describe the well-known QKD protocol known
as the BB84 protocol. We note that BB84 is the first protocol and
is relatively simple to understand, but it is not certainly the only
protocol used in QKD. A body of literature and experimental work
is available, which relies on modified protocols to improve the security
and performance of a communication system. A survey of some of the
recent QKD protocols is provided in Nurhadi and Syambas, 2018.

3.1.1. Binary Representation

A 0 0 0 0 0
B 0 0 0 0 1
(0] 0 0 0 1 0
D 0 0 0 1 1
E 0 0 1 0 0
H 0 0 1 1 0
G 0 0 1 0 0
H 0 0 1 1 1
| 0 1 0 0 0
J 0 1 0 0 1
K 0 1 0 1 0
L 0 1 0 1 1
M 0 1 1 0 0
N 0 1 1 0 1
o 0 1 1 1 0
P 0 1 1 1 1
Q 1 0 0 0 0
R 1 0 0 0 1
S 1 0 0 1 0
T 1 0 0 1 1
V] 1 0 1 0 0
\ 1 0 1 0 1
w 1 0 1 1 0
X 1 0 1 1 1
Y 1 1 0 0 0
z 1 1 0 0 1

; . 0 1 0 1

Binary additon |, o

0 1 1 0

A bit is the fundamental unit of information. Binary numbers, 0 and
1, represent the two states of a bit. A message such as a letter or a
word can be written in terms of a set of binary numbers. The above
table shows the binary representation of the English alphabet where
each letter is represented by a set of five binary digits. As a reminder,
the sum rules for binary digits are also shown above.

Using a binary operation, a message or a letter can be encoded or
decoded when added to a key that is also given in the binary format.
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3.1.2. Cryptography

Word

Binary
Massage

Key

Encrypted
Word

Key

Binary
Massage

Word

A simple encoding process of a message “Test” using a random
key is shown above. After writing the message in binary format,
a key is needed which is as long as our message. Adding the key
to the original message returns our encrypted message. If only the
sender and receiver of the message possess the key, they can securely
communicate via a public channel. Sharing the key between sender
and receiver is therefore the critical part of secure communication.
The key can be a set of random binary digits generated by a random
number generator and shared between trusted parties. However, the
key may be copied by a third party during the sharing if the key
distribution is done using classical methods. The random number
generators based on classical principles are also not quite random
and their outcome may be predictable. The more random the key,
the more secure the encryption is.

Quantum mechanics offers a new method of key distribution
whereby exploiting vacuum fluctuations, true randomness can be
introduced to the process from the point of view of an eavesdropper.
The perceived randomness and the fact that copying quantum
information is prohibited makes such communication fundamentally
secure from eavesdropping attacks. In the following, we consider the
realization of a basic quantum key distribution protocol using optical
sources, single-photon detectors and other components.
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3.1.3. Quantum Key Generation Using Photons

Alice Bob 1
) = a| V) + | H) @
) = a|0) + ] 1) @
o —+-L ]+
HWP PBS
Alice Eve Bob

|¥) =alV) +p|H)
|¥) =al0)+4]1)

_®+. :

— L]+

HWP PBS

Consider the top image first where the sender Alice prepares a photon
in a superposition of two polarization states V and H. We can
associate V to the binary number 0 and H to the binary number 1.
Alice transmits her photons to Bob, who can detect the polarization
using a half-wave plate (HWP), polarizing beam splitter and a pair of
single-photon detectors. If Bob sets the angle of HWP to 0 degrees,
i.e. does not change the photon polarization as prepared by Alice,
either detector can click. If the top detector clicks, the photon state
collapses to a vertical polarization, and if the bottom detector clicks,
a horizontal photon polarization is registered. In this scenario, Bob
will encounter an error in the message as his measurement contains
partial information sent by Alice. Instead of superposition states,
Alice can send photons with V' or H. In this case, Bob will be able
to receive the same information sent by Alice if the HWP is set to
0 angles and the communication channel between the two does not
introduce any loss or polarization rotation.

Now, consider an eavesdropper, Eve, who intercepts the channel
to detect the photon sent by Alice. She tries to reproduce Alice’s
photon based on her detection results and subsequently sends the
cloned signal to Bob. Eve does not know how Alice has prepared her
state, so with a certain probability she will measure the correct state.
She can then produce a photon with a polarization matching that of
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the measured photon and send that to Bob. In this scenario, there
is a relatively high probability (50%) that Alice and Bob’s photons’
polarizations do not match. Alice and Bob can use a subset of the
key bits to check for errors in the channel and detect the presence of
Eve. In the following, we will formalize the communication and error
detection protocol, as first introduced by Bennett and Brassard in
1984 (BB8&4).

3.1.4. Polarization Basis

In the QKD BB84 protocol, two polarization bases are used. We
first describe how the two polarization bases are used to generate
and detect photon states. The generic photon polarization state
prepared by Alice can be written as «o|V) + S|H). If either « or
B is zero, the photon is horizontally or vertically polarized. This
serves as one basis for photon polarization where one polarization
can represent 0 and the other orthogonal polarization 1. When the
photon polarization is prepared as an equal superposition state, i.e.
« = 40, the polarization is diagonal. This new polarization basis
can also be used to encode 0 and 1 (see figure below).

Basis 0 1
’ v 1 )
@ 6=0° 9 = 90°
450
° ® e I\

In figure above, & basis refers to vertical or horizontal polarization
when polarizer is set at 0 degree, and ® basis refers to diagonal or
anti-diagonal polarization when polarizer is set at 45 degrees.

For example, the state 1/v/2|V) + 1/v/2|H) can define bit 0 and
its corresponding orthogonal state 1/v/2|V) — 1/v/2|H) can define
bit 1. To detect the photon polarization on the diagonal basis, the
HWP in Bob’s station can rotate the polarization by 45 degrees to
change the photon’s state (via unitary transformation) to |V) and
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|H) polarization. A PBS can then separate the path for |V) and |H)
polarized photons, subsequently detected by a single-photon detector
in each path. The generation and detection in both “plus” (|V)
and |H)) and “cross” (|V) £ |H)) bases can be used to send bits
0 and 1 using two different bases. The choice of basis at Alice and
Bob’s locations can be random to increase the security of the key

distribution.
Alice Bob
@0
10),11) or [0) £ | 1) &
] +0
HWP PBS
0° (@) or 45° (®) 0° (@) or 45° (®)

3.1.5. BB8/ Realization Using Polarization Qubits

We now follow the recipe as proposed by BB84 protocol to see how
QKD can generate a secure key between Alice and Bob. Alice decides
to send a string of 0 and 1 bits by randomly choosing her polarization
basis. For example, she can decide to send 0 in either “plus” or
“cross” basis by rotating her photon polarization to the vertical
or diagonal direction, respectively. Similarly, she can send bit 1 by
rotating her photon polarization to obtain horizontal or anti-diagonal
polarization. She may toss a coin or use a quantum random number
generator to randomize her decision of bases. Bob on the other side
of the channel receives photons and randomly decides in what basis
to detect the photons. If the preparation basis of Alice happens to
be the same as the detection basis of Bob, Alice’s and Bob’s bits will
match. This is assuming there is no channel loss or noise. After a
string of bits is transmitted, Alice and Bob can communicate their
bases via a public channel and using classical signals. They then keep
the bit results for time bins where same measurement bases were used
and discard the rest. In this way, Alice and Bob can share a random
key which can be used to encode and decode messages sent via a
classical channel.



142 Quantum Commumnication: The Physical Layer of Future Optical Networks

Alice’s bit 0 0 0 1 1 1 0 0 1 0 0 1
Alice’s basis ® ® & ® ® ® ® ® ® ® ® o
Angle(°) 90 135 90 45 45 0 90 135 0 135 135 0
Bob’s bit ® ® @ @® ® ® ® ® @ ® @ ®
Bob’s result 0 0 0 0 1 1 0 1 1 0 1 1
Same basis? Y Y Y N Y Y N N Y b N Y
Key 0 0 0 [ 1 1 ‘ | 1 0 [ 1
4 7 8 11

Discarded bit# as communicated by classical channel

To determine whether Eve intercepts the signal during the bit
transmission stage, Alice and Bob can reserve a fraction of their
key bits and share it via the public channel to estimate the error
probability. If the error is less than 25% they can assume the
remaining bits are secure. This is because the presence of Eve can
introduce a minimum error of 25%. Eve always has a 50% chance
of guessing the preparation basis used by Alice. After detection, she
needs to prepare another photon that is a copy of Alice’s. However, a
single detection event by Eve does not determine the state of Alice’s
photon. So Eve must take another 50% chance when reproducing the
photon and sending it Bob. Therefore, the total error she introduces
to the channel must be at least 25%.

P, error — Vi Eve has wrong measurement basis

X PBob chooses wrong preparation basis — 50% X 50%

Quantum keys can be distributed through optical fibers, free
space, or satellites (Liao et al., 2017). However, the communication
rate is limited by how fast the photons can be created and detected,
and the noise and loss of the channel (Tomaello et al., 2011).
Moreover, entangled photons can be used to increase the security
of a channel and reduce the error probability (Wengerowsky et al.,
2018). It was recently demonstrated that quantum memories can help
improve the QKD rate (Bhaskar et al., 2020). The BB84 protocol
above is described in the context of discrete variable states where
single-photon detection is used to determine the presence or absence
of a photon in a particle path or polarization. Continuous variable
states can also be used for QKD (Qian et al., 2011) where the
amplitude or phase of the EM field and their quantum fluctuations
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can be used for the encoding of information. In this case, instead of
single-photon detection, homodyne detection is used. For a summary
of more recent QKD protocols that avoid some of the security
loopholes of early protocols, see Pirandola et al. (2020).

We note that at present time, the U.S. National Security Agency
(NSA) has discouraged the use of QKD for the following reasons:

Quantum key distribution is only a partial solution.

Quantum key distribution requires special-purpose equipment.

Quantum key distribution increases infrastructure costs and
insider threat risks.

Securing and validating quantum key distribution is a significant
challenge.

Quantum key distribution increases the risk of denial of service.

3.2. Quantum Teleportation

One of the most exotic applications of entanglement is in the
teleportation of quantum states. Teleportation relies on entanglement
to remotely prepare an arbitrary quantum state. The application
of teleportation is in both communication and computation. Once
entanglement between two nodes is established, measurement on
the part of the entangled states can teleport the quantum state
to another node. The idea of distributed quantum computing relies
on gate teleportation to connect multiple quantum processors and
enhance computational power.

A critical building block of a distributed quantum application is a
distributed quantum gate (e.g., a distributed controlled-NOT gate).
Distributed gates may be implemented through the physical trans-
port of qubits between nodes, state teleportation, gate teleportation,
or protocols, such as the cat-entangler or cat-disentangler. When
quantum processors are non-local, the communication between them
can happen by optical qubits and optical entanglement.

In this chapter, we discuss the basic idea of quantum teleportation
using optical states and particular optical measurement techniques
to realize quantum optical teleportation. We note that any degree
of freedom of a qubit that are entangled can be used to implement
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teleportation. For simplicity, we mainly focus on teleportation using
polarization states of light.

3.2.1. Teleportation Using Polarization Qubits

Function of polarizing beam splitters (PBS) Bell-state Measurement

N\ D1

&y 2
N3

BS

\'"
H PBS
PBS
N S Photon 1.
v

H
H

\')

Photon 2.
PBS

Single-photon detector , D4

Before we describe teleportation using different polarization states
of light, we need to review the function of polarizing beam splitters
(PBS) and define the concept of a Bell-state measurement (BSM).
The left figure above shows multiple ways a PBS can output two
linearly polarized fields. A PBS transmits p-polarized light while
reflecting s-polarized light. In the picture above, when polarization
is into the plane (in this case V-polarization) and parallel to
the interface between two halves of the PBS, light is reflected
(s-polarization). The orthogonal polarization, H, (or p-polarization)
is transmitted through the PBS.

Now, consider the interference scheme shown in the top-right
figure. This interference followed by the detection of two photons
prepared in the polarization basis is an example of a BSM that can be
used to teleport a polarization qubit. The yellow beam splitter (BS)
is a 50/50% polarization-insensitive splitter. The BS causes the two
photons to interfere if they have the same polarization. Moreover, the
two photons only interfere if they spatially, temporally, and spectrally
overlap. Since in total there exist two input photons, only two out of
the four single-photon detectors register a click.
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If one photon is V and the other is H-polarized, with a 50%
probability, each will be reflected or transmitted at the BS. After
the BS, the total state of the two incident photons can be written
in an entangled state, e.g. [VH) + |HV). Such a state will lead to
joint clicks on detectors D1 and D2 or D3 and D4. If the entangled
states are instead |V H) — |HV), detectors D1 and D4 or D2 and
D3 will register a joint click. Note that if both incident photons have
the same polarization before the BS, the interference will cause both
photons to go to the upper or lower path and joint detection will not
be registered.

Before the BS, a polarization rotation can be applied to photons to
enhance or suppress the probability of joint clicks for certain states.
Working our way backward, a joint click on certain detectors will
project the state of the two photons into certain entangled states.

In general, the BSM can be set up to detect two kinds of entangled
states out of four possible entangled states between two qubits (Bell
states): [VH) £ |HV) and |VV) &+ |HH). Note that these states are
not normalized and we dropped the factor 1/+/2.

Using the example above, we can now describe the teleportation
in polarization basis. We will see how entangled qubits can be used to
mediate teleportation of a third qubit via Bell state measurements.

|¥s) = a| V3) + B| H3)
\ |¥12) = IVV)) + | H H,y)
Bell State Measurement (BSM) |¥y,) = | V|V,) + | HiH,)
l

Results of measurements
|'¥;) = a| V3) + B| H;)

Quantum optical teleportation of polarization qubits represented
by |¢3) = «a|V3) + B|Hs) requires a pair of entangled photons in
the same basis. An entangled state of qubits 1 and 2 represented
by the quantum state [¢12) = «|ViVa) + B|H1Hs) describes the
states of two photons spatially separated. One of the photons,
e.g. photon 2, interfered with photon 3 to perform BSM. The other
half of the entangled state, e.g. photon 1, is transmitted to the node
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where teleportation is needed. The BSM results in the projective
measurement of photon 2 and photon 3. As a result, |¢)12) describing
the state of photon 1 is reduced to a single-photon state. Depending
on the result of the BSM, a particular rotation is performed on
photon 1 such that the probabilities « and § present in |¢)3) is
mapped to the state of photon 1. This completes the teleportation
of information from photon 3 to photon 1 without directly sending
photon 3 through the channel.

Although the effect of entanglement and projective measurement
is non-local, for information to be teleported from photon 3 to
photon 1, communication of BSM’s result via a classical channel
is necessary. Since the speed of a classical communication channel
is limited by the speed of light, the teleportation of information
cannot happen faster than the speed of light. When photons 2 and 3
are spectrally, temporally, and spatially mode-matched, they can
interfere and subsequent detections of the photons projects photon 1
into the desired state. The result of BSM of photons 2 and 3 can
produce four possible outcomes known as maximally-entangled Bell
states.

Alice |¥;)
|'¥12)
le,M
[Py, [¥7), [64), [67) N3>
Bob
ot) = 7(\V2‘/§,>+|H2H3>)
o) = 7(|VzV3> |HoHs3))
@7) = 7(\V2H3> |H2V3))
%) = (|V2H3> +|HaV3))

S\
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The joint states of particles 2 and 3 can take the form of one of the
Bell states, as shown above. However, the BSM typically can identify
three states out of four and it cannot distinguish between two of the
states. In practice, using linear optical elements (e.g. beam splitters
and polarizers), it is not possible to unambiguously discriminate the
four Bell states with a probability higher than 50%.

After interference, using the setup shown in the figure above, the
state of the three photons can be written as

1
‘\11123> = E[O&‘V1V2V3> + ﬂ‘H1H2H3> + a|H1H2V3> + ,B‘Vlnggﬂ.

If the BSM result identifies the following Bell state,

1

V2

the state of particle 1 is then projected to

v™) (|VaV3) — |HaHs)),

— Do | Hy Ho H)

= a|V1) — B|H1) (after renormalization).

_ «
W) = (U7 |W193) = 5(‘6‘/},|‘/1V2V3>

A rotation operation which is a kind of unitary operation (i.e.
reversible operation that does not introduce loss or noise) can then
transform the state of |¥1) to a|Vi) + B|H1), which is identical to
the state of photon 3. This example shows how Alice can teleport
her state to Bob without directly sending the state to him using a
shared entangled state and a classical channel to communicate the
results of the BSM.

3.2.2. Experimental Quantum Teleportation

The first experimental demonstration of optical teleportation was
performed in 1997. The experimental setup is shown above.
A nonlinear crystal is pumped with a UV pulse to generate a pair
of down-converted red photons. The pump has reflected the crystal
to generate another pair of photons propagating in the opposite
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direction. The four photons generated in this way are polarization-
entangled (each pair) and are mode-matched with each other.
Photon 4 is detected by a single-photon detector to determine the
presence of photon 3 in the upper path.

As the spontaneous down-conversion process is probabilistic, a
successful detection event for photon 4 will let Alice know that her
state is ready for teleportation. The remaining process is similar to
what was described on the previous page. A successful BSM followed
by a unitary operation at Bob’s location completes the teleportation
of Alice’s qubit to Bob.

Note also that the detection of photon 4 indicates the presence
of photon 3, it does not determine whether photons 1 and 2 exist in
the other paths or not. The synchronization of photons 2 and 3 can
then be a challenge limiting the success probability of teleportation.
Ideally, a quantum memory can be used to synchronize photons
generated by spontaneous processes. Since the demonstration of the
first quantum teleportation scheme, more exotic quantum states of
light have also been teleported (Lee et al., 2011).

3.3. Quantum Optical Memory

Coherent mapping and transduction of quantum information carried
by flying qubits (photons) to/from stationary qubits (e.g. atoms,
ions, superconducting qubits) is a key step in connecting quantum
devices in a network setting. Building a multi-layer quantum optical
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network requires quantum memories as its building blocks. Please
refer to Lei et al. (2023) for a recent review on quantum memory
developments. The efficient mapping of quantum optical information
to a quantum memory can be achieved in two ways: (1) strong
nonlinear interactions with single atoms mediated by a cavity or
Rydberg interactions, and (2) collective interactions mediated by an
ensemble of atoms. There has been a number of experiments taking
the first approach in cold atoms (Li et al., 2013) and solid-state
(Lukin et al., 2020; Bhaskar et al., 2020) platforms to realize such
interactions.

There are various protocols proposed and demonstrated for light
storage in an ensemble of atoms (Heshami et al., 2016). We review
some of these protocols in this chapter.
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Quantum optical states such as entangled states of light can carry
and be used to distribute quantum information. However, without
quantum memories, the fiber-based communication distance will be
limited to <100 km due to losses in fibers. This is because transmis-
sion loss (about 0.2 dB per km) exponentially degrades the degree
of quantum correlations as the communication length increases. For
this reason, quantum memories were proposed as part of a “quantum
repeater” system to extend the communication distance. Quantum
memories storing entangled photons can themselves be entangled,
thus relaying entanglement to achieve larger communication length.
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The entanglement between neighboring memories can be established
by Bell-state (or joint) measurement on initially unentangled photons
generated by two separate entangling pair sources, as shown above.

Atoms and atomic media with suitable optical and coherence
properties are attractive candidates for building quantum memories
for light. To see how an atomic-based optical memory operates,
consider this example; to store an optical qubit written in a
superposition of two logical states 0 and 1 as «|0) 4+ Be®|1), the
amplitude and phase of the qubit should be transferred to coherence
between two energy levels of an atom, e.g. | 7) and | |), written as
o 1) + Be®| 1),

The process does not necessarily store the energy of the photon but
just the information encoded in @ and Be’®. In atomic systems, the
storage essentially corresponds to the coherent and reversible map-
ping of electromagnetic excitations. The mapping process is controlled
such that atoms remember the phase of the qubit upon retrieval
(phase-matching condition). The mapping from optical to/from
atomic coherence should be efficient, reversible, and on demand, and
the process should not add noise to retrieved optical states.

3.3.1. Light Storage Using EIT

We have introduced the concept of electromagnetically induced
transparency (EIT) in the context of light interaction with three-
level atoms. The EIT phenomenon has been suggested and used in
various applications in optics and spectroscopy, such as magnetic
field imaging (Mikhailov et al., 2009), formation of solitons (Peng
et al., 2005), and coherent light storage (Fleischhauer and Lukin,
2000). Here, we describe how this phenomenon can be used to store
optical information.
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The preceding figure shows the real and imaginary parts of EIT
medium susceptibility plotted as a function of frequency of the probe
light relative to the atomic transition. The blue and red curves show
the susceptibility resulted from interaction of probe with a two- and
three-level atom, respectively. In the case of the three-level atom,
a strong control light resonantly interacting with the excited state
and another lower-energy state (meta-stable state) gives rise to the
EIT resonance. In the EIT resonance, the imaginary part of the
susceptibility is non-zero allowing the probe light to be transmitted
(and not absorbed as is the case when control is not applied , i.e
when probe interacts with a two-level atom). The real part of the
susceptibility is related to the refractive index of the atomic medium
and its steep variation near resonance in the EIT condition, suggests
high group index and low group velocity. In the previous chapter, we
discussed how to derive the equation for the medium susceptibility.
Thanks to quantum interference between the two absorption paths,
under the EIT condition, the propagation of a weak resonant field can
be controlled using a strong resonant control field. The reduced group
velocity of light under this condition is associated with the creation of
atomic coherence inside the medium. In this interaction regime, the
system cannot be described by the individual fields associated with
atoms or light. We can define a quasi-particle, known as the dark-
state polariton (Fleischhauer and Lukin, 2000), to capture dynamic
interaction between light and atoms.

cosO(t) = 2y
. D) +g°N
0 (z,) = cos 0(t) Bz, 1) — sin0(t)VNo NG

sinf(t) = W

The dark state polariton, \i/(z,t), can be written as a coherent
superposition of a light field envelope, E(z,t) = Yon 2V60 [ah(t)+
an(t)]un(z) and atomic coherence, 6 = %E] [1;)(2;]. To see how
we can find 0, we can plug the solution, i.e. U(z,t), into the following
equation of motion derived from the Maxwell and the Schrodinger
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equations:

<% + ccos? 0%) U(z,t) =0,
where ¢ is the speed of light in vacuum and €2 is the Rabi frequency
of the control laser. The light’s group velocity is given by ccos? 6.
It is called the dark-state polariton as due to quantum interference
of absorption paths, the atoms’ excited state population is small. In
other words, the solution, ¥(z,t), does not include terms associated
with the excited state, |3), population.

The ratio between the optical and atomic excitations can be
written in terms of the Rabi frequency of the control field, €2, and
the effective atom-light coupling, gv/N, where N is the number of
atoms interacting with the light. It can be seen that the polariton
can change from all-photonic to all-atomic by reducing the control
field power to zero (for a portion of light already inside the atomic
medium). In this case, the amplitude and phase information of the
light pulse is mapped into the atomic coherences, and so, the light
field is stored coherently. By increasing the control field power,
the system can change to the superposition state. The polariton is
reaccelerated and eventually becomes all photonic, i.e. cosf = 1, as
the light pulse leaves the medium with the vacuum speed c. For the
optimum storage of a data pulse, the EIT medium is required to

W(z,1) = cosO(t)E(z, 1) — sinf(t)VN &

el .
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provide both a wide transparency window and a low group velocity
to spatially localize the entire pulse inside the ensemble. Otherwise,
a fraction of data will leave the medium without interaction after
control laser is switched off. This is shown in the figure above (left)
where the control field is switched off between 71 and 75 while a part
of the input pulse is transmitted without storage.

The EIT polariton is depicted in the figure above (right) in the
z — t plane for a modulated input pulse. Before the control field
is adiabatically switched to zero (t <15 us), the system is in a
superposition of the atomic and photonic fields, where the light field
is propagating with a group velocity (v, < ¢). The polariton intensity
remains constant over time (assuming low decoehrence rate) because
it accounts for both atomic and optical fields. After the control
field is switched to zero, the information is mapped into the atomic
coherence and the polariton becomes all-atomic. As it is shown in the
inset, the temporal profile of the input pulse is obtained by taking the
cross-section of the polariton along the propagation axis. By turning
back on the control field, the light field is regenerated and eventually
released at the end of the sample and propagates with vacuum speed,
vg = c¢. A detailed treatment of EIT can be found in the works of
Fleischhauer et al. (2005) and Lukin (2003).

3.3.2. Principles of Atomic Frequency Comb Memory

A photon-echo QM based on the atomic frequency comb (AFC)
method was proposed by Afzelius et al. (2009) and since then
many light storage experiments have been performed based on
this protocol. In the originally proposed atomic frequency comb
technique for light storage, the inhomogeneous broadening in atomic
transitions, which is present in solid-state systems, was used to
generate photon echoes recovering the stored optical coherence. The
inhomogeneous broadening is the result of a non-uniform frequency-
shifting interaction of the optical centers (or atoms used for storage)
and the environment, which is manifested as a continuous absorption
spectrum, much broader than the single-atom linewidth. The AFC
takes advantage of such broadening to create broadband storage.
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In the simplest form, a pump laser is used to “burn” absorption
holes in the broad inhomogeneous line. This is known as the spectral
hole burning technique (Trommsdorff et al., 1995). As atoms with
certain frequencies matching that of pump frequency are excited,
they decay to another lower-energy state (]g)) via spontaneous
or stimulated emission processes. The state |g) is ideally empty
for certain-frequency atoms and has a long coherence time. This
creates an anti-hole or enhanced absorption for light interacting
with energy state |g) for those atoms. Multiple holes in state |aux)
and anti-holes in state |g) with width 4 can be generated with
a fixed frequency spacing (A) by proper engineering of the pump
frequency and intensity. This creates an atomic frequency comb
that can fully absorb a broadband input pulse, see figure above.
Although the atomic spectrum after the preparation (hole burning)
consists of discrete absorption peaks separated by A, the energy—
time uncertainty relation gives rise to a smooth absorption of the
entire input pulse spectrum (see Afzelius et al. (2009) for more
details).

The process allows for a uniform mapping of a broadband light
pulse onto discrete atomic excitations.

N
‘w> = Z cjeiéjtefikzj |gl veegjeee gN>
7=1

where we define AFC Finesse:

A g\ 2
F= ;, and find AFC efficiency: ~ (f) o T/F? —d/F
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As the relative phase between the neighboring anti-holes matches
at every 2m/A, a coherent photon echo is emitted to regenerate
the input light. This method has been used for quantum storage of
optical information with high bandwidth (Saglamyurek et al., 2011;
Saglamyurek et al., 2015; Clausen et al., 2011). The ratio of A to
~ is called AFC finesse which together with the optical density,
d = g?)NL/Tc defines the efficiency of the memory. Here, L is the
length of the memory and I is the atomic spontaneous emission rate.
Furthermore, a coupling light can be used to transfer the excitation,
after the data is absorbed, to another long-lived state, e.g. |s), to
extend the coherence time that might be limited by the decay of the
excited state. This additional step also enables one to control the
retrieval time since no echo will be emitted so long as the excitation
is contained between |s) and |g) states.

3.3.3. Light Storage Using Gradient Echo Memory
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The gradient echo memory (GEM) also relies on inhomogeneous
broadening, but a controllably induced one, for coherent light stor-
age. Consider an ensemble of three-level atoms subject to an external
control laser detuned from the excited state and an external magnetic
or electric field gradient. The control laser enables the absorption of
a portion of the input pulse whose frequency components satisfy
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the Raman resonance condition for certain atoms. The external
field induces a Zeeman or Stark shift of the atomic energy levels
that linearly changes across the sample. The gradient of frequency
broadening introduced by the external field ensures that different
frequency components of the photon wavepacket are stored at
different locations, thus printing the phase information across spatial
locations. This resembles the strings in a harp or the way the cochlea
in our inner ear works.

As the frequency difference between atoms along the sample
is different, the evolving phase difference prevents coherent or
cooperative emission. This can be seen by looking at the Bloch
sphere. Assuming the input light is strong enough, its absorption
can change the atoms’ state, initially prepared in |g), to an equal
suppression of |g) and |s). The atomic spins can be represented by
Bloch vectors on the equator that rotate at a different speed. So, the
relative phase between the Bloch vectors increases as time elapses.

— - S — le>—
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Source: PRL 101, 203601 (2008); Optics Lett. 33, 20 (2008).
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Now, by reversing the slope of the gradient, the process can be
effectively time-reversed. In other words, the phase change between
two regions of the memory separated by d(¢ is A¢ = Aw.t, where
Aw = nd(¢ and 7 is the slope of the gradient. The total accumulated
phase change after time ty can be zero if the gradient slope is reversed
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and it remains that way for another ¢y time. At this time, an echo
emerges from the memory that is a time-reversed copy of the input
light.

In this case of three-level atoms, the problem can be reduced
to a two-level system, assuming the detuning of the strong control
light from the excited state is large compared to the excited state
linewidth. In this case, the atoms do not spend much time in the
excited state to spontaneously decay, and therefore, the excited state
can be adiabatically eliminated from the equations or description of
the system. The interaction described above can be simplified by
considering an effective field interacting with levels |g) and |s) with
an effective coupling strength ¢’ = g%, where A is the detuning of
the Raman transition from the excited state.
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Similar to the EIT case, one can associate a quasi-particle (polariton)
consisting of the light field and atomic coherence (spin wave) to the
light—-atom dynamic inside a GEM. In the simpler case of two-level
atoms, by taking the spatial Fourier transform of the equations of
motion corresponding to the atomic coherence and the optical field,
we arrive at the following form for our polariton:

Ok, t) = kE(k,t) + Na(k,t),
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which has the following equation of motion

<8 o . gN

Here, the effective linear atomic density N' = gN/¢, k is the spatial
frequency component, 1 is the slope of gradient, and 7z is the
frequency shift of the atom at location z, which appears as a detuning
in the equation of motion. Taking the spatial Fourier transform,
nz — nd/0k, helps to define a well-defined polariton for the system
in the Fourier domain.

By setting N' — %, g — ﬂ, the equations of motion and
polariton picture for a two-level atom can approximately capture
the dynamics of the corresponding three-level system.

One can write another solution for the above equation of motion
for a polariton as ¢(k,t) = kE(k,t) — Né(k,t). However, it can
be shown using the Maxwell equation that kE (k,t) is equal to
N6 (k,t), and therefore, this mode will not be excited. The normal
mode equation of motion indicates that ¢ (k,t) propagates in the
k-axis with a speed defined by the slope of the gradient. As
the polariton reaches higher k& values, the electric field amplitude
gradually decreases through time. As each frequency component of
the light propagates through the medium, the dispersion will affect
its propagation and absorption, but the polariton will propagate with
no change in its intensity (assuming low decoherence).

Flipping the gradient (i.e. n — —n) time reverses the absorption
process so that when the polariton reaches & = 0 (the phase matching
condition), a photon-echo emerges from the ensemble in the forward
direction. The above simulation shows the optical, atomic, and
polariton excitation for a modulated input pulse in time and space.

The group velocity of a light field propagating inside a GEM
medium is given by v, = gN'/ k?. The farther away the polariton is
from k = 0, the less intense the electric field and also the smaller the
group velocity. The spatial cross-section of the atomic polarization
at any time during the storage is the Fourier spectrum of the input
pulse. This explicitly demonstrates the frequency-encoding nature
of GEM.
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3.3.4. Efficiency and Fidelity of a Quantum Memory
or Communication Channel

Tstorage
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The figure above on the left shows actual experimental data for the
storage of a light pulse using the GEM technique. By delaying the
switching time of the memory, the echo exits the memory at a later
time. This enables us to tune the storage time. The efficiency of the
memory is defined as the total output optical power divided by the
total input power.

[ Pyt (r, t)dtdr
| P (r,t)dtdr

Assuming the increased atomic density does not affect loss and
decoherence in the medium, the efficiency can be increased by adding
more atoms to the system. But as can be seen above, the efficiency
drops as the storage time increases. The rate of efficiency drop is
defined by the inverse coherence time of the memory. Depending on
the underlying decoherence effects, the loss in efficiency may follow
exponential, Gaussian, or other profiles as a function of storage time.

To quantify the noise of a quantum memory, the fidelity of
input—output quantum states is measured. This can be done by
reconstructing the density matrix of the input and output light
pulses. Once the density matrix elements are measured, the equation
above for the fidelity, F, can be used to calculate the fidelity.

2
F = |<¢in|wout>|2 = [TI‘ m Pout/ Pin }
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Fidelity is a measure of overlap between the output and input
quantum states.

A quantum memory can show near-unity fidelity but with <1%
efficiency or vice versa. A brick can “store” a vacuum state with
100% fidelity (vacuum in, vacuum out). If the fidelity of memory
is measured only when the state is retrieved, it is the “condi-
tional” fidelity that is being evaluated. It is therefore important
to measure both conditional fidelity and efficiency to verify the
memory performance in the quantum regime. The “unconditional”
fidelity takes the efficiency into the account as it measures the state
overlap even when storage is not successful (or the state is lost to
decoherence). Although conditional fidelity can be high, low memory
efficiency limits the communication rate. Moreover, the bandwidth
of a memory device is another important parameter that determines
the rate of communication.

3.3.5. State Tomography

A quantum optical memory should preserve both the wave and
particle nature of the quantum information encoded into an elec-
tromagnetic field. This is quantified by, for example, measuring the

density matrix of the light after performing quantum tomography.
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When the amplitude and phase of the light are used for encoding
(continuous variable regime), quantum tomography can be done by
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performing homodyne measurements. The Homodyne measurement
is an interferometric detection that returns a signal proportional
to the amplitude of the quantum field as a function of the field’s
phase relative to a reference classical electromagnetic field. When
discrete variables such as polarization or photon number states are
used for encoding (discrete variable regime), a series of coincident
measurements in different polarization basis is performed to evaluate
the density matrix elements.

The figure above shows the reconstructed density matrix for the
input and output states of an optical memory in the number or Fock
basis that are eigenstates of the energy (Hamiltonian) or number
operator. Here, a weak coherent state was used as the input to the
memory.

[Yin) = col0) + c1e’ ™ 1) + - -

For example, the probabilities at m = 1 and n = 1 or m = 2 and
n = 2 represent population terms or probability of having 1 or 2 pho-
tons, respectively. On the other hand, probabilities for cases where
m # n are coherences. The existence of non-zero coherence terms
shows a coherent phase relationship between different photon number
states at the input and output of the memory (i.e. coherent storage).

Typically, the measurements are not complete and the data do
not need to exhaust all the values to have an accurate description
of the density matrix or the wave function. In this case, the
full quantum description of a system may be accomplished using
maximum likelihood estimation (Hradil, 1997). This method enables
one to perform a set of measurements on various known quantum
states and then estimate the unknown in the measurement from the
collected data. Reconstruction corresponds to the normalization of
incompatible observations that capture part of the possible outcomes.
This approach handles noisy data corresponding to a realistic
incomplete observation with finite resolution. The reconstruction
suggests what state best matches the measurements. This type of
reconstruction can be used to estimate the quantum state of a system
using, for example, homodyne measurements.
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3.3.6. Quantum Memory Platforms

The most basic form of an optical memory is a fiber delay line. The
delay in this case is mostly fixed and proportional to the fiber length.
The delay can, in principle, be controlled by rapid switching of the
fiber length. Compared to the atomic memories, the fiber delay lines
are broadband, can operate at different frequencies near the telecom
bands, and can also support multiple wavelengths. The maximum
delay time in a fiber is limited by the transmission loss which is
typically about 0.2 dB per km. For example, a 300-km-long fiber line
can provide about a millisecond of delay while introducing 99.8% loss.

Fiber delay line Warm or cold atomic gas Solid-state memories
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Atomic memories can be implemented in both gas and solid-
state media. In this case, typically, optical coherence is transferred to
atomic coherence that can, in principle, reach seconds or even min-
utes of storage time. The bandwidth of gas-phase atomic quantum
memories demonstrated to date is on the order of MHz, although
GHz-bandwidth memories can also be achieved. A storage time
on the order of seconds (in laser-cooled atomic gases) along with
storage efficiencies close to 80% have also been achieved. Solid-state
quantum memories such as rare earth solids do exhibit large inhomo-
geneous broadening that can be leveraged to implement multi-GHz-
bandwidth memories. Using optical cavities or high purity crystals
(low inhomogeneous broadening), high storage efficiencies can also be
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achieved. The storage time achieved in typical demonstrations is on
the order of a microsecond. Recently, coherence time of a few minutes
has also been demonstrated. The storage time in atomic memories
can be controlled by external electro-magnetic fields. External fields
can be used to control the mapping of light to/from atomic coherence
by controlling the phase-matching condition or light-atom coupling
strength.

3.3.7. Memory Compatibility and Integration

Apart from bandwidth, efficiency, fidelity, and storage time, a
quantum memory should be compatible with quantum sources, and
optical infrastructure and its implementation should be scalable. For
fiber-based quantum communication, both sources and memories
should ideally operate near the telecom band where the fiber
loss is minimum. When either wavelength is different from the
telecom band, an additional process involving wavelength conversion
is needed, which itself can impose additional loss, noise, and/or
bandwidth limitations.
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As we shall see in the following section, for practical quantum
communication purposes, many quantum memories and sources are
required per node. Therefore, a quantum memory with suitable
properties should also be scalable to accommodate the needs of a
multiplexed network. Heterogeneous or homogeneous integration of
sources, memories, and other components (e.g. switches, modula-
tors, and filters) comprise the main challenges of future quantum
networks.
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3.4. DLCZ Entanglement Distribution Protocol

The concept of a collective excitation in an atomic ensemble is
key to many coherent processes including quantum storage (Tanji
et al., 2009), bi-photon generation (Thompson et al., 2006), and
entanglement creation (Jing et al., 2019). Such collective effects
when combined with projective measurements have applications in
quantum communication, as proposed by Duan, Lukin, Cirac and
Zoller (DLCZ) (Duan et al., 2001). In this section, we describe
the basic concept of a measurement-based entanglement distribution
between non-local atomic ensembles, as originally proposed by Duan,
Lukin, Cirac and Zoller in 2001.

3.4.1. Duan—Lukin—Cirac—Zoller Proposal (2001)
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Consider an ensemble of N, three-level atoms (A system), as
shown in the figure above. The state |g;) represents the ground state,
and |s;) is the meta-stable state (another lower-energy state with
a forbidden optical dipole transition and relatively long coherence
time) of atom 4. The state |e) is the excited state via which the atom
is transferred between |g) and |s). The atomic ensemble consists
of many identical atoms that can experimentally be realized by,
for example, two hyperfine levels of the alkali atoms’ ground state
interacting with one of the excited states via two-photon transitions.
The atomic state, |g), represents the collective state of all atoms
when they are in the ground state. The state |s) represents a different
collective state (a single collective excitation) when only one of the
atoms is excited to the |s;) state (for atom 7). The summation over
7 denotes the sum of all permutations.
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Such single excitation can be created within a large atomic

ensemble by, for example, storing a single photon in an ensemble
of atoms. Alternatively, a single atomic excitation can be created
using an off-resonance Raman process to scatter a single photon
from atoms initially in the |g) state. A “write” laser off-resonantly
interacting with the |g) — |e) transition can lead to the generation of
a Raman-scattered photon (Stokes photon). If only a single photon
is detected within a specific spatial mode, only one atom within that
spatial mode could have emitted it. Since we have no way of telling
which atom, we write the atomic state as a coherent superposition
of all different possibilities. The state |s) is representative of a single
collective excitation only if the relative phase between atoms remains
constant during a given timescale (coherence time). The frequency
noise or motion of atoms can create phase noise implying that the
state can no longer be described by the pure state |s).

The total state of an atom—photon system can therefore be written
as an entangled state, |¥). Detecting the photon (Stokes photon) in
the number basis, |1), projects the state |¥) to |s).

A single collective excitation can store the coherence between |g;)
and |s;) (the spin wave given by |s)) for a limited time given by
the coherence time of the medium. The subsequent application of a
“read” laser light that is resonant with the atomic transition |s) —
le) results in the reading out of the coherence in the form of an
anti-Stokes photon correlated with the Stokes photon. The two read
and write pumping processes are controlled by the time, power, and
detuning of the lasers from the excited state. The photon generation
is governed by the spontaneous Raman scattering process, whose
optical state is ideally described by a coherent state.

2
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The Stokes process is therefore probabilistic and follows Poisson
statistics. The scattering probability of certain photon-number
states, p, are proportional to the power of the write laser beam. The
retrieval of the anti-Stokes photon however can be deterministically
achieved via a resonant two-photon process (e.g. EIT). In the EIT
process, the interference gives rise to the transparency of the medium,
reducing the Raman absorption and loss of the anti-Stokes photon.
Although increasing the “write” power can increase the rate of Stokes
photon generation, it also increases the probability of generating
multiple photons, introducing noise to the process. Therefore, the
detuning and power of the “read” laser should be chosen such
that the probability of generating a single photon remains low and
the probability of generating more than one photon is negligible.
The efficient generation of photon pairs using this Raman process
has been realized using both room temperature atoms (Eisaman
and et al., 2005) and cold atoms in free space or optical cavities
(Thompson et al., 2006).
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The Stokes and anti-Stokes processes of this kind have been proposed
to distribute entanglement between remote atomic ensembles (Duan
et al., 2001). Consider two atomic ensembles, A and B, where both
are subject to two identical “write” lasers. If the two Stokes photons
are probabilistically generated, each from one ensemble, the two
entangled states |V 4) and | ¥ p) (states above are not normalized) can
be created, where a photon A (B) is entangled with the ensemble A
(B). The state of the joint system is not entangled and can be written
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as a product state: |¥4)|¥ ). Now, if either detector registers a single
click after the two paths interfere, there is no way of determining if
the photon was emitted from ensemble A or B. As a result, the
state of the system will be projected to an entangled state between
ensemble A and B, as seen above.

A more useful entangled state can be created when photons A and
B are generated in the polarization basis (dual-rail qubit) instead of
the number basis (single-rail qubit), i.e. [V4,p)+[H 4/ p). In this case,
the BSM between the two photons in the polarization basis (requiring
coincident detection events) can project the two ensembles into an
entangled state.

Now, consider four ensembles A, B, C, and D. The paths and
detection scheme can be arranged such that ensembles A and B
and ensembles C' and D are entangled by a joint photon detection
between corresponding photons (similar to what is shown above
for ensembles A and B). Once A-B and C-D are entangled,
subsequent retrieval of photons from ensembles B and C' (using
“read” lasers) and performing additional BSMs between retrieved

¢

B and C photons can “swap” entanglement, leaving us with A-D
entanglement. In this way, neighboring ensembles in a channel can
be entangled sequentially until the end ensembles are entangled. In
certain regimes, this strategy can overcome losses in fibers where
instead of exponential loss of entanglement, the losses can take the

form of polynomial functions with distance.

3.4.2. Probability and Noise

The entanglement swapping process described on the previous page
can enable the distribution of entanglement over long distances.
However, there are some technical and fundamental challenges when
it comes to the success probability of such a technique. The sources
of failure of the process are higher-order processes or multi-photon
processes, mode-mismatching loss, and spontaneous emission loss
(Duan et al., 2002). The noise induced by higher-order processes can
be mitigated by reducing the pump power at the expense of reducing
the entanglement creation rate.



168 Quantum Communication: The Physical Layer of Future Optical Networks

Ref: Phys. Rev. A 66, 023818 2002
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In short, there are two fundamental noise sources:

e The spontaneous emission loss represents the probability of not
detecting photons while atoms are excited to a collective spin state.

e The mode-mismatching loss represents the probability of not
creating an atomic excitation even though a Stokes’ photon is
detected.

The spontaneous emission loss (or noise) represents the prob-
ability of not detecting photons within the detection mode (with
collection solid angle 6;) even when atomic coherence is created.
Similarly, the mode-mismatching loss (or noise) represents the
probability of not creating an atomic excitation even when photons
are detected within the detection mode.

The calculation result (Duan et al., 2002) of the two noise sources
as a function of 0y is shown above. The optimum solid angle can be
found where the two noise probabilities cross. The optimum point
can vary with other experimental parameters such as optical density.
A simplified equation for the spontaneous noise probability is written
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below in terms of the optical density or d at a given collection 0y

1
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3.5. Long-Distance Entanglement Distribution

Efficient and deterministic distribution of quantum entanglement
is key to developing future quantum networks. A network of this
kind has applications in networked sensing for global parameter
estimation, secure communication, and distributed quantum com-
puting. Developing an optical interface is the only known approach
to long-distance communication of quantum information. In this
section, we focus on the physical layer of such networks while paying
particular attention to quantum storage, multi-mode communication,
and device integration requirements.

Quantum optical states such as entangled photons can carry quan-
tum information; however, without quantum memory, the fiber-based
communication distance is limited to about 100km due to losses
in the fibers, which exponentially degrades the degree of quantum
correlations. For this reason, quantum memory was proposed as a
component of a quantum repeater system to extend communication
distances. Quantum memories storing entangled photons can them-
selves be entangled. As seen above, entanglement between neighbor-
ing memories can be established by Bell state (or joint) measurement
on photons from nearby memories. Subsequent measurements lead
to the creation of entanglement between memories in distant nodes.
The information can then be teleported from nodes A-Z without
directly sending quantum states through the channel. This is a crucial
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application of quantum memories, enabling the creation of large-scale
quantum networks for a variety of applications.

3.5.1. Direct Entanglement Distribution

distance, L

node e-source node

. fiber link (0.2dB/km) .

Consider two nodes A and B separated by a distance L, which
need to share an entangled set of photons. An entangling source
of photons (e-source) such as a spontaneous parametric down-
conversion source can probabilistically produce a pair of entangled
photons. One photon is sent to A and one to B via an optical fiber
channel. The time required to create the entanglement between the
two nodes is given by Ti,, and below we can see the estimation for
this entanglement time for three different length scales:

Teng ~ (L/c+Tg) /nP

Ts = 1/rate ~ 1ns

1) L = 10km

L/c=30us

n=10"%02L =063 T oA
P=1%

2) L = 100 km,
— Teng ~ 3s
n=10""92L=0.01

3) L = 1000 km,

—  Teng ~ eternity!
n= 10~9-02L — 19—20 /1

without time multiplexing
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Here, c is the speed of light in the fiber, T} is the timescale at which
photons are generated by the source (inverse of photon generation
rate), n is the channel transmission and P is the probability of
generating photon pairs every time the e-source is triggered. Note
that the photon pairs generated in many nonlinear processes such
as spontaneous parametric down-conversion or a four-wave mixing
process are probabilistically generated. This means that when a
source is excited with a pump light, a photon pair may or may not be
created. The success probability of such a process is typically a few
percent. Although the probability of the generation of one photon
pair can increase by increasing the pump power, the probability of
generating two, three, and more photon pairs also increases with
pump power, which introduces noise to the process. In this case,
the state is a mixed state and the fidelity or success rate of faithful
quantum communication is reduced.

As L/c is typically much longer than Ty, without multiplexing the
communication rate is limited by distance. For different separations,
L, the entanglement time is shown above. An optical fiber link has
a typical loss of 0.2 dB/km at the telecommunication wavelength.
It can be seen that the communication rate exponentially decreases
with the distance and for L > 100 km, it becomes impractically low.

3.5.2. Quantum Repeaters Based on QMs

To overcome the challenges associated with loss, quantum memory
can be used to build quantum repeaters. This is done by dividing
the channel into multiple smaller segments connected by nodes. By
populating each node with sources and memories, the BSM can be
carried out between neighboring nodes to share or swap entangle-
ment. It can be shown that in this case, the communication rate
decreases polynomially with distance and not exponentially. A simple
linear array of memories can overcome the loss, but the probabilistic
nature of photon generation remains an obstacle for scalable quantum
networks. Parallel processing is additional functionality that can be
added to quantum repeaters to further increase the communication



172 Quantum Communication: The Physical Layer of Future Optical Networks

L

L/m
—
~ | CeE EEI EFEI e B
time|
e m m m

e . .
vy ¥ v

classical channel

rate and overcome the challenges associated with the probabilistic
photon generation process. In parallel or multiplexed processing,
each node contains multiple sources (or modes) and memories
where entanglement generation and storage can be carried out
simultaneously within different channels or different modes.

3.5.3. Multiplexed Quantum Repeaters

Multiplexed quantum optical processing refers to the ability to
perform BSM on the multiple numbers of modes shared between
two nodes. The results are then fed forward to perform subsequent
measurements at the next layer, only between the entangled modes
established at the first layer. Therefore, multiplexing relies on switch-
ing under feedforward control, a crucial functionality that benefits
from the coexistence of classical signals in the channel. Consider a
small linear system of memories and sources as shown above, where
photon sources are generating photon pairs with probability Fy which
are used to create heralded entanglement between two quantum
memories. The bipartite entanglement rate can be calculated as
R, = %Utﬁgﬁﬁqu, where 7, 14, and 7, are the efficiency of
channel transmission, detection, and memory, respectively, and L
is the link distance. The transmission efficiency of the fiber link is
n = e(=L/2Latt) where L. = 22 km (assuming for 0.2dB/km fiber
loss). The detection efficiency is bounded by the BSM probability,
assuming 1y < 1/4. For spontaneous sources, Py ~ 0.05 is limited
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by the probability of having higher-order photon numbers. In a
multimode/multilayer network and for k levels of entanglement
swapping (nesting layers) in a repeater network, the entanglement
rate can be expressed as

Je— ey it P

As an example, for four memories (n = 2) extending the communi-
cation distance to 3L = 1000 km, and assuming memory efficiency of
0.9, one can estimate one entanglement event every 1 hour! Although
this entanglement rate is much faster compared with direct fiber links
(less than one event every 300 years), in this traditional approach,
due to the low entanglement rate and the need for quantum memories
with coherence times of an hour, one can conclude that such a
network is of no practical use.

To go beyond traditional communication schemes, provided tech-
nology is available, one can simultaneously process multiple modes of
photons using multimode BSMs, multimode sources, and memories.
The photon generation probability can, in principle, approach unity
when strong light—-atom interactions are employed. Considering the
regime of strong cavity interactions, PO2 can increase by more than
an order of magnitude. Moreover, assuming that M number of
spatial, temporal, or spectral modes can be processed in parallel, the
communication rate can linearly increase with M. Quantum memory
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with bandwidth, BW, and storage time 75 can support up to BW xT5
temporal modes.

Instead of parallel processing of multiple modes M, multiplexed
processing of entanglement can increase (for certain memory storage
times) the communication rate as much as M 2+-1 (k is the number
of nested layers in the network). Nodes using M = 100 modes with
only two layers of processing can improve the entanglement rate by
a factor of one million. The above figure shows the rate as a function
of mode number for various protocols for Ly = 100 km. The rate
enhancement is more pronounced for longer distances.

Based on the quantitative discussions above, one can identify
that some of the most important device metrics in building high
throughput scalable networks include the photon generation prob-
ability, the number of modes processed, the memory efficiency and
the storage time. A plot of heralded entanglement rate (e-rate) for
different protocols discussed above is provided below as a function of
number of modes.

inistic source
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Although it is known that multiplexing and multiplexed processing
are essential for future quantum communication, efficient implemen-
tation of multiplexing in the network setting is not well understood.
The image above illustrates some of the network protocols for
communication between two sites, each with multiple nodes and
modes. Compared with a switched network where all the resources
are exclusively reserved for a specific flow, and linearly multiplexed
channels where multiple copies are used to perform parallel pro-
cessing, the statistical multiplexing protocol is predicted to provide
higher throughput. Statistical multiplexing is the quantum analog to



Quantum Communication 175

a classical internet-based approach, which is more efficient than other
approaches. The statistical approach is well suited to dynamic and
complex topologies where the service is provided based on the current
availability of resources (entanglement). Due to the probabilistic
nature of entanglement distribution, the network equally distributes
entanglement resources (i.e. photons, BSM, and memories) between
multiple routes, and once entanglement is created in a certain route,
it signals the user to make use of it. See Aparicio et al. (2011) for
more details. It was shown that the gap between the performance
of a multipath routing protocol and that of a linear chain grows
exponentially with distance.

Switched network Linearly multiplexed network Statistical network
q.?mum memory_/// \_multimode (t0,z..) //
ey S0, @ ||®
node nods @

SiteA SiteB " site ' SiteB siteA SiteB

Apath s selected and all of the resources are exclusively  Multiplexing is used to reduce very long waiting time Service is provided based on the current availability of
reserved for that flow associated with circuit switching resources

3.6. Quantum Optical Networks: Implementation and
Applications

At a high level, a quantum network needs to provide quantum
communication services in a scheduled and controlled manner to the
quantum nodes connected to the network. The hybrid design of a
node enables connections to larger-scale communication networks via
satellites or quantum repeaters and using quantum memories.

3.6.1. Hybrid Quantum Optical Interface

Here, we describe an example of a possible physical layer of a
quantum network. As before, we assume that optical photons are
carriers of quantum information. They connect different elements of
the quantum network, including a quantum processor (a schematic
diagram of an atom-based quantum processor shown on the right)
and entangling sources and memories (shown on the top). Different
devices in the network have to be compatible with each other and
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the underlying infrastructure. This requires photons generated and
stored by different devices to have the same temporal, spectral,
spatial, and polarization modes. A practical network will be a
hybrid system consisting of devices with different specs. To ensure
mode matching, mode transformation or mode composition may be
required between photons routing in different parts of the network.
An atom-based quantum processor (e.g based on neutral atoms or
ions) has a direct interface with optical photons. A high numerical
aperture lens placed near an atom or an ion (used for quantum
information processing) can be used to collect photons from the
atomic qubit. The generated photons and the atomic qubit can
be entangled using different protocols. For example, the atomic
qubit can be prepared in the state, |i), and then excited by a
resonant pump to generate a photon with left or right circular
polarization (|L) or |R)) upon de-excitation to |g) or |e) atomic
state. The final state of the atom and photon can then be written as
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1/v2(|g)|L) + |e)|R)), which is an entangled state. An independent
entangling photon source (e.g. a spontaneous parametric down-
conversion source) can also generate polarization-entangled photons,
albeit with different wavelengths and/or bandwidth. The role of a
quantum mode transformer in the network is to ensure different
photons’ modes are matched before undergoing measurement or
storage inside a quantum memory. Quantum frequency conversion
(QFC) or bandwidth control are examples of mode transformations.

The role of a quantum router is to decide which photons should
undergo joint BSMs and communicate successful BSM results to
other layers of the network. A successful Bell measurement will
result in the entanglement of nodes with the corresponding measured
photons.

Unlike a classical router, a quantum router does not directly
route information. In a quantum router, by deciding which channels
one should perform BSMs on, the resources are used to create
entanglement between nodes at the other ends of the channels.
The results of Bell measurements are communicated using classical
signals to the corresponding nodes to perform the necessary unitary
transformations to complete the entanglement distribution and/or
teleportation tasks. Classical signals are also used to control the
timing of different processes and resource allocation and to provide
necessary feedback controlling drift in the system (e.g. polarization
rotation, power fluctuation, etc).

3.6.2. Routing Information in Multiplexed Networks

The schematic diagrams in the next page show one example of rout-
ing quantum information in a multiplexed optical network. Consider
two multimode sources (A and B) of bi-photons. These could be
polarization-entangled photon pairs generated at distinct frequency
modes, and temporal or spatial modes (mode number: 1,2,...,m). A
reconfigurable mode switch can control the distribution of entangled
photons (see the demonstration of this capability in this Lingaraju
et al. (2021)) between nodes A and B containing quantum memories
optimized for each mode (i.e. Ay, Ag,..., A, and By, B, ..., By).
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The BSM between photons of the same mode, probabilistically
produced by different sources, is performed in the middle node. The
result of the Bell measurement is communicated via classical channels
to memory nodes and reconfigurable switches used to perform subse-
quent unitary operations and resource allocation, respectively. This
feedforward operation is essential to realize multiplexed information
processing. In the example above, joint measurement on mode 2 can
result in the successful generation of heralded entanglement between
memories A, and Bs. At the next layer, Bell measurements are
performed between photons stored in memories whose entanglement
is established at the previous layer. A similar process can establish
entanglement between memories in nodes C' and D, and so on.
Performing Bell measurements between memories B and C' whose
entanglement is already determined by the feedforward signal can
lead to entangling memories in A and D modes. The process can
continue until the end target nodes are entangled.

3.6.3. Interfacing Spontaneous Sources with
Disparate Memories
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The above image shows a scheme for interfacing photons generated
by spontaneous parametric down-conversion (SPDC) sources and
atomic quantum memories (QM), highlighting some of the typical
performance matrices. Typical SPDC sources and memories are not
compatible in wavelength and bandwidth. This is a major bottleneck
when interfacing these disparate devices together in a network.
SPDS sources typically have a bandwidth (BW) of greater than
100 GHz that can be reduced to MHz using optical resonators to
match the bandwidth of an atomic memory (~MHz-GHz). To match
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the wavelength and/or photonic quantum basis (e.g. polarization
basis) of the source and memory, we consider a generic quantum
mode convertor (QMC) in the network above between sources and
memories. The SPDC and memory can be pulsed synchronously to
define distinct and addressable temporal modes (shown as pulses
1,2,3,4). Due to the desire to reduce the higher-order events (and
reduce noise) the probability (Fp) of an SPDC source generating a
pair of photons given a pump pulse is approximately 1%. The rate
at which these photons are created (Ry) depends on the bandwidth
and is typically chosen to be about 0.1% of the source bandwidth to
reduce temporal mode overlap and thus reduce noise.

A quantum memory has bandwidth limitations that determine
the maximum temporal modes (or delay-bandwidth product, M)
which can be stored. The number of spatial modes stored in the
memory depends on the mode capacity of an individual or array
of memories. Memory efficiency (1) and coherence time (73) can,
in principle, reach >80% and >10ms, respectively and separately.
Obtaining both high efficiency and long coherence times can be a
challenge, but it is achievable.

One can approximately estimate the maximum heralding rate of
entanglement without multiplexing as R, = 772R0P02PBSM, where
Ppggy is the probability of successful BSMs. With multiplexing, P,
can be replaced with P; which takes into account the enhancement
resulting from all modes.

3.6.4. Example: Memory-Based QKD

Here, we review one recent experiment where an atom-like qubit or
more precisely vacancy center (VC) in diamond was integrated into
a nanophotonic cavity (Lukin et al., 2020) and used as a quantum
memory device (panel (a) above). The memory operation and near-
deterministic atom-—photon and photon—photon entanglement are
carried out by sending RF and optical pulses to the atom—cavity
systems when a time-bin photonic qubit interacts with the atom
(see panel (b) above). The time-bin qubit can be represented as a
superposition of an early and late photon as |e) 4 €!?:|l), where ¢, is
the relative phase between the two states. The light confinement by
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the nanophotonic cavity gives rise to large light—atom cooperativity
(n > 100). Depending on the atomic state of the VC (up or
down state, | 1) or | |)), the resonant frequency of the cavity is
different as seen in panel (c¢) above. The larger-than-one single-atom
cooperativity induces a cavity shift of about dw = 77/4%, where
A is the frequency difference between the photon and the atomic
transitions and I' is the excited state linewidth. Depending on the
state of the VC, A is different resulting in different cavity resonance
shifts. In this scenario, a photon with frequency 0 (referenced to the
center frequency of the atom) is only reflected if VC is in the “up”
state.

Consider a photonic time-bin qubit: 1/v/2(|e) + €**:|l), impinging
on the atom—cavity system and let us follow the experimental
sequence shown in panel (b) to see how entanglement can be created
in this example. First, the VC is initialized by optically pumping it
to the | ]) state. Then a 7/2 RF pulse resonant with | }) — | 1)
transition is applied to perform unitary transformation and create
the following atomic state: 1/v/2(|1) + | 1))).

Ignoring normalization for now, the state of VC photon, before
interaction, can be written as

[T) = (le) + e 1) (|1) + 1))
= le)| 1)+ [e) | 1) + ™[0y [1) + e |I) | 1)
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Right after the photon in the early time-bin (with center fre-
quency “07), i.e. |e), interacts with the atom—cavity system, it will
only be reflected (remains in the channel) if the atom is in state
|uparrow), while the late photon state will be unaffected as it has not
interacted with the system yet. The VC photon state then becomes

le) 1) + e [1) [1) + e 1) | 1)

A subsequent RF 7 pulse performs the rotation (| |) — | 1) or
| 1) — | 1)) on the atomic state and changes the state to

T) = le) [4) + e |0) [4) + e 1) |1)

Now, let us consider a later time when the late-photon state, |l),
interacts with the atom—cavity system. Again, the late photon will
only be reflected (with high probability as determined by the high
cooperativity) if the atom is in the |uparrow) state. The VC photon
state after interaction then becomes

0) = le) [4) + e |) [ 1)

After interactions, the photon state is detected in a delay-line
interferometer. The path of reflected light from the cavity is split
in two, inducing a relative time delay of §t equivalent to the time
difference between the early and late photons. By placing two
detectors, D1 and D2 after the interferometer, one can make a
distinction between states |Xi) = |e) £ |I) (depending on which
detector registers a click).

Detection of a photon after the interferometer in the X basis:
|X+) = |e)%|l) is equivalent to performing a projective measurement
on |¥), written as

(Xiltr) = 1) £ e[ 1)

Following the same procedure, the final state after interactions with
two time-bin qubits, separated by time ¢ shorter than the VC
decoherence time, becomes

[Ty = |]) £ €| 1)

where subscripts s and ¢ represent signal and idler photons. Now,
instead if we choose ¢5 + ¢; = 0, 27 (which is experimentally
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accessible), the measurement of the atomic spin in the X basis
collapses the state of the two photonic qubits into a Bell state, e.g.
le)ile)s + [1)i]l)s. This means that if after the interaction, one finds
the atomic state in state | J)%| 1), it suggests the two time-bin qubits
are entangled. Note that the detection of the photonic qubit above
is done to quantify entanglement and once the system is calibrated,
the detection of the VC spin in the X basis is sufficient to herald
entanglement between the two photonic qubits.

The example above shows how near-deterministic entanglement
between two photons can be achieved using strong interactions with
atoms. The long-lived atomic qubits and large cooperativity are
important for scalable entanglement distribution.

3.6.5. A Quantum Network Example Consisting
of Users, Servers, and Routers

An example of a three-node quantum optical network relying on
quantum memories for multiplexed communication and independent
quantum e-pair sources is shown above. Users A and B are equipped
with multimode entangling sources and quantum memories. A server
receives a request for W) and performs a BSM between copies
of ¥) and half of the entangled pairs. Multiple BSMs within the
quantum router determine which photon modes of user and server
are successfully entangled without a need for switching. Unitary
rotations at the user stations upon receiving classical information
complete the teleportation of the state to users. In this scheme
entanglement, a service is provided to users through statistical
multiplexing protocols. When multiple spectral modes are supported
by broadband memories and multiple spatial modes available in the
chip-scale devices, quasi-deterministic entanglement distribution can
be tested.

Integration of quantum sources and memories is challenging as
most spontaneous sources (e.g. SPDC) have optimal bandwith and
wavelengths which are very different from that of long-lived quan-
tum memories. For long-distance communication, telecom photon
entanglement is important and sources with wavelength outside the
telecom region can be integrated with quantum frequency conversion
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(QFC) device to coherently change the wavelength to/from telecom
wavelength. The number of modes and the probability of e-pair gener-
ation in quantum sources are other metrics which must be considered
when designing a source. A high number of spectral /temporal /spatial
modes in which e-pair photons can be generated can increase the
communication rate linearly or exponentially with the mode number,
depending on whether parallel or multiplexed processing is used. All
commercially available sources until 2022 are spontaneous sources
with e-pair generation, probability of about 1%. This probabilistic
approach to photon entanglement severely limits the communication
rates in multi-node networks.

Efficiency, fidelity, bandwidth, center wavelength, storage time,
scalable integration, and the duty cycle of quantum memories
are important metrics to consider when designing them. Atomic
gas memory (in particular, laser-cooled atoms) can provide long
storage time, high efficiency, and high fidelity. The bandwidth, non-
telecom-band operation, and difficulty with scalable integration are
limitations of such memory devices. Solid-state memories such as
rare-earth crystals have the potential for long storage time, telecom
operation, integration, high bandwidth, high fidelity, and efficiency.
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However, the typically high magnetic field and mK temperatures
required for operation limit the practical system integration. Also,
due to the long preparation times of both atomic gas and solid-state
memories, the memories are not continuously available for storage,
which again affects the overall communication rate.

Research is underway to address the challenges in both atomic
gas and solid-state memories, and the topology and architecture of
networks described in the context of the above examples are subject
to change or complete transformation as future technologies come
online.
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